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The partially coherent beams propagating through turbulent atmosphere have been studied in
the past using coherent mode representation. In this research, the propagation of any modes of
Hermite-Gaussian beam in a turbulent atmosphere is investigated and analytical formula for
the average intensity of these beams is derived. The power in bucket (PIB) for any modesis also
examined. The number of modes which exist in a partially coherent beam with known degree of
global coherence (ratio of correlation length and the waist width of the Gaussian—Schell model
(GSM) beam) isdetermined and the PIB for partially coherent beamsisinvestigated using coherent
mode representation.
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1. Introduction

Propagation of a laser beam through random media is the topic that has been
theoretically and experimentally studied for along time, asis evident from the number
of books and papers written on the subjects [1, 2]. In many practical applications,
such as remote sensing, tracking, and long-distance optical communication, etc.,
the propagation properties of laser beam through atmospheric turbulence are of great
importance and atmospheric turbulence has essential effects in such applications.
Most research is about the spreading of alaser beam in aturbulent atmosphere [3—6].
Recently, Eyyuboglu and Baykal investigated the properties of cos-Gaussian,
cosh-Gaussian, Hermite-sinusoidal-Gaussian and Hermite-cosine-Gaussian |aser
beams in a turbulent atmosphere [7—9]. Ca and He have studied the spreading
properties of an elliptical Gaussian beam in aturbulent atmosphere [10]. In this paper,
the average intensity of Hermite—Gaussian modes propagating in turbulent mediais
investigated and the effects of turbulence on the properties of any arbitrary mode are
analyzed.
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The number of full coherent modes constituting a specific partially coherent beam
has been determined and it is shown that the intensity profile and PIB of a propagated
partially coherent beam are equal to the sum of intensity profile and PIB for full
coherent modes constituting it. It meansthat if we expand a specific partially coherent
beam into a number of fully coherent modes, then calculating intensity and PIB of the
constituting modes and integrating the results will lead to intensity and PIB of that
partially coherent beam.

2. Propagation of Her mite—Gaussian mode
in turbulent atmosphere

Field distribution of aHermite—Gaussian |aser beam on the sourceplaneisasfollows[5]:
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where H,,, and H,, are Hermite polynomials, wj is the spot size at the source plane,
(pw py) is atwo-dimensional vector in the source plane and B, are normalization
coefficients represented in the following form [5]:
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Assumethat the medium is statistically homogeneous and i sotropic, then according
to the paraxial form of extended Huygens—Fresnel principle the relation between
electrical field before and after propagationis|[1, 2]:
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where E(p, z=0) and E(p', 2) represent the amplitude of incident field and the field
after propagating a distance z through the turbulent medium, respectively, and y is
the phase function that depends on the properties of the medium.

The average intensity at the receiver plane is given by (I(p',2)=
=(E(p', z2) E*(p', 2)) where { ) denotes the ensemble average over the medium
statistic. From Eq. (3), we obtain
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The last term in the integrand of Eq. (4) can be expressed as [3-5]

(e®|v(B. P12+ (P Py D)|) = eP[-05D,,(Ipy =3 |

= eXp[_‘p|Pl_Pz|2} ©)

where D, (|p1 — p2|) is the phase structure function in Rytov’s representation and
@ = (0.545C2k2%2)%5 is the coherence length of a spherical wave propagating in
the turbulent medium with C2 being the structure constant. In order to obtain
an analytical result the quadratic approximation (see, e.g., Egs. (14) and (15) in [11])
for Rytov’s phase structure function is used here since this quadratic approximation
has been widely investigated and shown to be reliable [3-5].

To evaluate Eq. (4), it is convenient to introduce the new variable of integration,

Pt P2
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and Eqg. (4) reducesto
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Thisisthebasicformulathat will beused to study the propagation of Hermite—Gaussian
modes through atmospheric turbulence.

Substituting Eg. (1) and Eg. (2) in Eqg. (7) and calculating the related integral
results:
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where
Bm,n+1=an—1,n—1+ Bm, n Bl,n= 11 Bn,nzol Bl,1= 1 (9)
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The propagation properties of Hermite—Gaussian modesin aturbulent atmosphere
canbeinvestigated using Egs. (8)—(11). Figure 1 showsthe behavior of the normalized

m=1,n=1,z =_5 km (turbulence)

m=1, n=1, z=5km (free space)
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Fig. 1. Normalized intensity distribution of Hermite—Gaussian modesin free space and turbulence media,
with wo=0.005m, k=10"m™, C2=10"% [,=001lm, o,=5mm, z=5000m, m=n=1 and

m=n=2.
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intensity distribution of Hermite—Gaussian modes in atmospheric turbulence and in
free space, with wy = 0.005m, k=10"m™, C2 =10 m=n=1andm=n=2and
z=5km. Asitisshownin Fig.(1) the peaks of intensity of Hermite—Gaussian modes
inatmosphericturbulenceandinfreespace. AsisshowninFig. 1, thepeaksof intensity
of Hermite—Gaussian modes in atmospheric turbulence are more spread out and
overlapped in comparison to those in free space.

3. Explanation of the partially coherent mode
in terms of fully coherent mode

Theinitial field of apartially coherent beam takesthe typical form of Gaussian—Schell
model (GSM) beam, whose cross-spectral density function W ©(p,, p,, 2) at the source
z=0is[13, 14]
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where Aisaconstant, p; = (1, p1y) and p, = (o, P2y) denote two different points
at the source plane and o and o, are the waist width and correlation length of the GSM
beam, respectively.

It supposes that the same conditions for turbulent atmosphere as mentioned in
the pervious section, the propagation equation of intensity of GSM beams turns out
to be [5]
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A(z) = 1+ 212[ L+ 12J22+ 27 (14)
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The cross-spectral density function of such a source assumed, for simplicity, to be
rectangular, may be represented in the form [5]:
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where 4,,, represent the different coherent modes such as Hermite—Gaussian
polynomials. This expansion is called coherent mode representation. Expansion
coefficient of Eq. (15) isasfollows[5]:



554

Prn(@)

M. ALAVINEJAD, F. AsHIRI, B. GHAFARY

m+n

1

Poo(@)

(16)

|2 | 2
9 i1+ 9| +
o 4]

where |4 =o,/05 is the degree of global coherence. Evidently, in the limit of
the complete coherence (I; — o) and in the incoherence limit (I; — 0). Thisimplies
that an infinite number of modes are needed to represent a spatially non-coherent

source.

To determine the number of modesin aspecial partially coherent beam, first using
Eqg. (13) we calculate the intensity profile of that partially coherent beam and then

name it profile one.

Then using Egs. (8)—(11) each propagated mode ¢(9) is calculated and replaced
in right-hand side of Eqg. (15). We choose the modes whose respective expansion
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Fig. 2. Intensity distribution of partial coherence beam (a), intensity distribution of partial coherence
beam by using coherent modesrepresentation (b) withwg = 0.01 m, k = 10’ m™, C2 = 107%4,1,=0.01 m,

o5 =5mm, z= 5000 m.
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Fig. 3. Intensity profile of partially coherent
beams (45 modes) and the behavior of the
intensity distribution for limited number of

modes.
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T abl e. Number of modes with full coherence which exist in partially coherent beam.

Iy Fully coherent modes
100 gy

2 ¢001 ¢10‘ ¢01‘ ¢ll‘ ¢201 ¢021 ¢21‘ ¢12‘ ¢301 ¢03

1 ¢001 ¢10‘ ¢Ol‘ ¢ll‘ ¢201 ¢021 ¢21‘ ¢12‘ ¢221 ¢301 ¢031 ¢31‘ ¢13‘ ¢321 ¢231 ¢331 ¢40‘ ¢O4‘ ¢411
¢141 ¢42‘ ¢24‘ ¢50‘ ¢051 ¢511 ¢15‘ ¢60‘ ¢06

0.7 ¢001 ¢10‘ ¢Ol‘ ¢ll‘ ¢201 ¢021 ¢21‘ ¢12‘ ¢221 ¢301 ¢031 ¢31‘ ¢13‘ ¢321 ¢231 ¢331 ¢40‘ ¢O4‘ ¢411
¢141 ¢42‘ ¢24‘ ¢43‘ ¢341 ¢441 ¢50‘ ¢05‘ ¢511 ¢151 ¢521 ¢25‘ ¢53‘ ¢351 ¢601 ¢061 ¢Gl‘ ¢16‘ ¢621
¢26' ¢70’ ¢07’ ¢711 ¢17' ¢80' ¢08

coefficientsaregreater than 0.001 ( 5,,, > 0.001) and cal culate corresponding intensity
profile and name it profile two.

Finally, comparing profiles one and two, one can find the number of fully coherent
modes constituting supposed partially coherent beam.

In Figure 2a, intensity profiles of various partially coherent beams are plotted
using Eqg. (13). The behavior of the intensity distribution using coherent modes
representation and Egs. (8)—(11) isillustrated in Fig. 2b.

Comparing Figs. 2a and 2b, we have determined corresponding humber of full
coherent modes for any |y, as mentioned before; the result of this determination are
shown in the Table.

Itisworth mentioning that, asisevident from Fig. 2, thenumber of modesinvolved,
increases with decreasing | .

One goal of this paper is to find the number of full coherent modes required for
construction of any arbitrary partially coherent beam. In practice, itisvery difficult to
combine morethan several modeswhich will lead usto aremarkableerror, asisclearly
shown in Fig. 3.

Figure 3 shows the intensity profile of partially coherent beams (45 modes) and
the behavior of the intensity distribution using coherent modes representation for
limited number of modes. Although it seemsthat combining 45 modesisimpracticable
but deceasing the number of modes will lead to a remarkable error, which is clearly
shown in this figure.

4. Power in bucket

As suggested by Siegman, PIB is a measure of laser power focus ability in the far
field [14]. It indicates the amount of beam power within a given bucket. The PIB is
defined as [15]

2n .«
jo J’ol(p, 2)pdpdo

PIB = (17)
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Fig. 4. PIB for Hermite—Gaussian modesin free space (a), PIB for Hermite—Gaussian modesin turbulent
media (b) with wo = 0.01 m, k=10’ m?, C2 =107, 15=0.01 m, o, = 5 mm, z= 5000 m.
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Fig. 5. PIB for partially coherent beam in turbulent media(a), PIB for partially coherent beam in turbulent
mediaby using the sum of PIB of modes which exist in the partially coherent beam (b) with wy = 0.01 m,
k=10"m?, C2 =107, 1,=0.01m, o;=5mm, z= 5000 m.

where « is the radius of the bucket. The PIB for any Hermite—Gaussian mode was
calculated using Egs. (8) and (17).

Figures 4a and 4b show the behavior of PIB for Hermite—Gaussian modes in free
space and turbulent atmosphere respectively. These figures show that PIB for higher
order modesis more extended. Itisalso evident that PIB in turbulence for any arbitrary
mode is more broadened in comparison with PIB in free space.

Figure 5a shows the behavior of PIB for partially coherent beam calculated from
Egs. (13), (17) and Fig. 5b shows the behavior of PIB calculated by the method
of coherent mode representation. The accurate conformity of these two figures
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demonstrates that our procedure of determining the number of fully coherent beams
involved in a specific partially coherent beam (specificl) is quite reliable.

5. Conclusions

Inthisarticle, theanalytical formulafor averageintensity of Hermite—Gaussian modes
propagating in turbulent media was investigated. We have noticed that peaks of
Hermite—Gaussian beams propagating through turbulent atmosphere are distributed
in plane and are overlapped. It has been found that the number of full coherent modes
constituting a specific partially coherent beam can be determined by calculating
intensity profile and PIB of the partially coherent beam by two distinct methods and
comparing the results of them. It has aso been found that PIB for Hermite—Gaussian
mode propagating through atmospheric turbulence is more broadened in comparison
with that in free space, and calculating PIB of the constituting modes of a partially
coherent beam and summing up the results, will lead to PIB of that partially coherent
beam.

This procedure is implemented in this article by comparing the intensity profiles
and validated by calculation of corresponding PIBs.
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