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Quasi-isotropic approximation (QIA) of geometrical optics is outlined, which describes properties
of electromagnetic waves in weakly anisotropic media, including weakly anisotropic fibers, liquid
crystals and weakly magnetized plasma. QIA equations stem directly from the Maxwell equations
and have the form of coupled differential equations of the first order for transverse components of
the electromagnetic field. Being applied to magnetized plasma, QIA describes combined action of
Faraday and Cotton—Mouton phenomena and serves as a theoretical background of plasma
polarimetry in FIR and microwave bands.

The coupled equations of QIA can be reduced to a single equation for complex polarization angle
(CPA), which characterizes all the parameters of polarization ellipse. At the same time, the equation
for CPA allows obtaining equations for evolution of the traditional parameters of polarization
ellipse. Besides, QIA makes it possible to derive in a consistent way Segre’s equation for the Stokes
vector evolution, which is widely used in microwave and FIR plasma polarimetry.
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1. Introduction

There are two basic approaches for description of electromagnetic waves in weakly
anisotropic media: quasi-isotropic approximation (QIA) of the geometrical optics
method and Stokes vector formalism (SVF).

Quasi-isotropic approximation of the geometrical optics method, suggested in
1969 [1], describes electromagnetic waves in weakly anisotropic media on the basis
of coupled wave equations for the transverse components of the electromagnetic field.
QIA was developed in depth in a review paper [2] and in book [3]. QIA equations are
presented also in textbooks [4, 5].

Stokes vector formalism, ascending to crystal optics [6, 7], deals with the compo-
nents of the Stokes vector, which are quadratic in wave field. Compact equation for
the Stokes vector evolution in plasma was suggested in 1978 by Segre [8, 9].



976 Yu.A. KravTtsov, B. BIEG

This paper outlines the basic principles of QIA and describes recent modifications
of QIA. Simultaneously, we derive equations of the SVF directly from QIA equations.
We intend to show, on the one hand, similarity and practical equivalence of both
approaches and, on the other, their incomplete identity: SVF contains no phase
information and therefore the wave field can be reconstructed only partially on
the basis SVF.

General form of QIA equations is presented in Section 2, whereas successive
Sections 3 through 7 are devoted to various modifications and applications of QIA.
Section 3 describes normal electromagnetic modes in magnetized plasma. Section 4
considers double passage of electromagnetic waves through magnetized plasma, using
representation of independent normal modes [10]. Section 5 presents a revised theory
of the normal modes conversion in the inhomogeneous plasma. This section improves
the results presented in paper [11] and in book [3].

An equation for complex polarization angle (CPA), still involved in [1], is
presented in Section 6 in the new form suggested recently in [12]. Section 7 derives
equations for the evolution of traditional angular parameters of polarization ellipse in
a weakly anisotropic plasma.

Based on the results of Refs. [13, 14], we show in Section 8 that Segre’s equation
for the Stokes vector evolution can be derived directly from QIA equations.
Interrelations between QIA and SVF approaches, evidencing their practical
equivalence and simultaneously principal distinction between them, are analyzed in
Section 9. Finally, Section 10 summarizes the main results of the paper.

2. Quasi-isotropic approximation (QIA)

In weakly anisotropic media the components of the anisotropy tensorv,,, = &,,, — €O
are small as compared with the electric permittivity &, of the isotropic background
medium. QIA operates with two small parameters. One of them is the “anisotropic”
small parameter 4, = max|v,,,|/& << 1, which characterizes weakness of the medium
anisotropy. Besides, QIA involves traditional “geometrical” small parameter ygq =
= 1/kyL <1, where k; is a wave number and L is a characteristic scale of the medium
inhomogeneity.

According to [1-5], asymptotic solution of the Maxwell equations in the lowest
approximation in a combined small parameter x# = max (gq, 14) can be presented as

E =ATexp(ik¥) (D)

where 4 and ¥ are correspondingly the amplitude and eikonal of the electromagnetic
wave in the anisotropic medium and I' is a polarization vector, which is orthogonal to
the reference ray, like in an isotropic medium.

Let the unit vectors e; and e, together with the unit vector 1, tangent to the ray,
form a basis for Popov’s orthogonal coordinate system (&, &, 0), associated with
a selected (reference) ray [15] (see also chapter 9 in book [16]). The most important
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feature of Popov’s coordinate system is its ability to describe parallel transport of
the electrical vector E along the reference ray in an isotropic medium. The unit vectors
e; and e, of Popov’s orthogonal system obey the equations

de, 1 .
do _T(ei Vingy)l,  i=1,2 @

It follows from Maxwell equations that the components /3 and 75 of polarization
vector I' = [ e; + /e, obey the coupled QIA equations

dr; 1 .. 1,2
“do =5 ko€ (Vllrl "‘Vlzfz)
3)
dr; 1 .. -1,
1o = '2—1k050 (VZIF] +v221"2)

The coupled Equations (3) describe all possible polarization states of the electro-
magnetic field, including optical activity, dichroism, gyrotropy and weak absorption.
Parameter o in Eqs. (3) is an arc length along the reference ray, which can be curved
and torsioned. In contradistinction to the original form of the QIA equations, written
in the frame of natural trihedral coordinate system [1—5], Egs. (3) do not contain
torsion of the ray, because Popov’s orthogonal system provides parallel, i.e.,
torsionless, transport of the electrical intensity vector along the ray.

An isotropic component of permittivity can be chosen as & =1-v. Using
expressions for the full electrical permittivity tensor for collisionless magnetized
plasma [17] and subtracting isotropic part &0, = (1 —v)o,,,, the components of
the anisotropy tensor v,,, can be presented as

.2 .2 2

Vi = —uV(sm Qsin” & | + cos al\)

. .2
Vip = iVNu coso +ulVsin o sina, cosa |

(4)

. .2 .
vy = —iVWu cosa +ulVsin"a sina, cosa |
vy, = —uV(sin’a cos’ @, + cos’ &
2 = I L I

where v = a)s /@ and u = a)cz/ w? are standard plasma parameters, @, and @, are
plasma frequency and electron cyclotron frequency, correspondingly (absorption
terms were taken into account in [14]). The &} and ¢ | are polar and azimuthal angles,
characterizing orientation of the magnetic field By in the orthogonal basis (e, e,, 1),
as shown in Fig. 1.
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Fig. 1. Orientation of the static magnetic vector B,
in the orthogonal basis (ey, e,, I).

In what follows, we apply QIA approach for studying the polarization state of
the electromagnetic wave in weakly anisotropic magnetized plasma. Substituting
anisotropy tensor (4) into QIA equations (3), we can present them in the form:

dr; i 1 (.
v :—7 Z‘QJ_O_‘QJ__‘QI Fl+7 192—93 [E
(5)
ar, 1/ i
1o = 7 Z.Q2+Q3 Fl_? 2‘QJ_O_‘QJ_+‘QI [‘2

Here, ), £2,, £ are plasma parameters, introduced by Segre (see review paper [8]):

kouV

.2 .2
Q) = ————sin"a cos2a; = £,cos2ax; = Qsin"acos2a
/iy I I
kouV .2 . . ) )
2, = ——sin g sin2a, = Q sin2a, = Q)sin” o sin2a, (6)

241 —v

kg Ju V

N

Parameters £2, and £2, correspond to Cotton—Mouton effect, whereas £2; describes
contribution of Faraday effect. Besides, it is convenient to involve two more plasma
parameters:

2 2
Q = Q(a) = J21+2; =

ulv . 2 . 2
———sin" o = 2 (sin" |
241 —v
)
ulV

T
% = @e = 3) - =
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Parameter V in Egs. (4) and (6) is defined as V' = v/(1 — u) = v + uv. Besides, ¢ and
m are electron charge and mass, respectively, N, is the electron density, By is a vector
of static magnetic field, ¢ | is an angle between the unit vector e; of Popov’s coordinate
system and transverse with respect to the ray component By, of the magnetic field
(Fig. 1). Axes ¢, and &, correspond here to the unit vectors e; and e, of the curvilinear
parallel transport system.

3. Independent normal modes in plasma

The QIA equations (5) allow analyzing polarization evolution along the ray both in
homogeneous and in inhomogeneous plasma. A solution to Egs. (5) for homogeneous
plasma can be presented in the form of harmonic wave

Il = A,exp(iNo)
(8)
I, = A,exp(iNo)
Substituting Egs. (8) into Egs. (5), one has
. 1 1/,
{N+7 20,9, - 2, }AI—T iQ2,~2,) 4, = 0
9

%(i!)z + 523) A, - i[N+ %(2!20— Q)+ _QIHA2 =0

Equalling the determinant of this system to zero, we obtain two propagation
constants, corresponding to two normal electromagnetic modes in magnetized plasma:

N, = —.QO+%(QLJL/.Q§+Q§) = —Q0+%(Qli!2)
Q=0+ 2]

Total propagation constants N, uniting QIA constants (10) with common
geometrical optics propagation constant N, = &, JZ() will be

(10)

N = Ny+ N, = NO—QO+%(Q + Q)
(11)
No = kong = koﬁ

Subscripts + correspond to signs of the square root in Egs. (10).
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The minus sign in Egs. (11) refers to the “fast” wave, whose phase velocity
Vph = W/N ! is greater than phase velocity of “slow” wave Vpht = @/N ot

w
v = > Vph+ =

ph- 1
Ny— 2, + 7(!%_— Q)

w
= - (12)
No= 20+ (2, +92)

The electrical vector of the fast wave rotates in direction coinciding with
the direction of Larmor rotation of electrons.

From (9) we obtain two equivalent expressions for the complex amplitude ratio
é’: Az/A 1:

—Q,+ Q —Q, + i,

= = 13
= Q, +iQ, Q2,70 (13)

Involving complex eigenvectors of unit length

e, + (e
€, = l—izz Epi(el + ;iez)
J1+ |84
1
Pr = ——— (14)
A/1+|§i|
.| = 1

we may represent the wave field E as superposition of normal modes:
E = a,e ,exp(iN,o)+a_e_exp(iN_o) (15)

where a, and a_ are initial amplitudes of normal modes.
Expression (15), which is valid for homogeneous plasma, can be readily generalized
to independent normal modes in a weakly inhomogeneous plasma:

E = a+e+exp(iJ‘N+d0') + afe_exp(iJ‘Nde') (16)

Here, phases of the normal modes are presented in the form of line integrals along
the ray. It is these integrals that are used in plasma polarimetry. The inter-mode phase
difference AS equals
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L L

AS - I(N+—N_)d0' - IQda (17)
0 0

single passage

where L is a full distance from the source to the receiver. The phase difference (17)
characterizes parameters of polarization ellipse (aspect ratio and orientation).
Representation (16) is applicable if the scale Lp, characterizing the rate of plasma
parameter P changing, is large as compared with the “inter-mode beating length” [4, 5].
As a result, an approximation of independent normal modes is applicable under
condition

P 21

Ly~—————— > [ ~ = LpQ2>2 18
PTTap/dol b or Lr m (18)

Q

It follows from Eq. (17) that in the case of Cotton—Mouton effect, which plays
the main role when | £2;| < | £, |, the inter-mode phase difference equals

L 1 L 0)2 a)Z
Cotton—Mouton _ _ pc
ASsinglepassage - I‘Qldo- - TJ' 3 do (19)
0 0 cw

Analogously, in the case of Faraday effect, which dominates, when | 25| > |2, |,
the phase difference (17) describes doubled Faraday rotation angle, presented by
the following line integral

single passage

Ashmdy j Q2,do :j L * jo (20)

4. Double passage effects in magnetized plasma

Double passage regime is supposed to be used for plasma polarimetry in large
thermonuclear projects like ITER and W-7X. Double passage scheme (Fig. 2) uses
retro-reflector inside plasma reactor, which allows only one technological window
to be explored as compared with two windows in a traditional single passage
scheme.

Magnetized plasma R
| Source I: <+—> R Reflector
v \_//
/

Fig. 2. Double passage scheme of polarimetric measurements.
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It was shown in [10] that fast forward wave, incident on the metallic plane,
generates the fast backward wave, and correspondingly slow-forward wave produces
slow-backward wave. It means that the plane retro-reflector preserves the wave
velocity. As a result, the phases of reflected normal waves become twice as much as
compared with the single passage regime. The same is true for the phase difference:

ASdouble passage ZI(Nf'-*-_NfL)dO} = ZIQ dO'f = 2AS
0 0

single passage (2 1)

This fact was known earlier for pure Faraday and pure Cotton—Mouton phenomena.
Equation (21) generalizes these partial results for general case of arbitrary elliptical
polarization.

In the case of Cotton—Mouton effect the phase difference

C() C() - 2A SCottonfMouton
3 single passage
cw

Cotton—Mouton _ I (22)

ASdouble passage

O'—oh

can be extracted from polarization ellipse in the same manner as for single passage
regime.

Analogously, measurements of Faraday rotation angle in the double passage
regime

L L 2
w,w,
Faraday _ 14 _ Faraday
ASdouble passage 2“‘ ~2 I 2 ASsmgle passage (23)
0 0 CW

are quite analogous to standard methods, used in the single passage scheme.

The results, characteristic of the plane metallic retro-reflector, hold also true
for cubic corner retro-reflector (CCR). Contrary to the metallic plane and CCR,
a 2D corner retro-reflector (2DCR) can convert the fast circular wave into slow one
and vice versa. This kind of conversion can hardly be useful for plasma polarimetry,
however, it might be of practical interest in polarimetric measurements, because it
eliminates influence of Faraday effect [10].

5. Normal mode conversion near orthogonality point
in magnetized plasma

Being written in circular basis e, | = (e; £ zez)/[ polarization vector becomes
I'=17,e.+ I;e, so that QIA equatlons (5) take the form
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dr. i i 2ia,
S AR R LRy

(24)
d[“l i 2ia i
do = TQLOQ Fr—?(gm—gs)rz

+2i
Here, we have assumed that 2, £iQ2, = 2, e o
Equations (24) can be notlceably simplified by involving new variables F and F

such as

- 2,0
I exp [———;—0—— + iaJ

I =
(25)
~ i .0
e ron{7 1)
In these variables the system of equations (24) becomes
dr 9, - iQ, -
ro_ IS 10 I
do 2 7 2
(26)
dr; i, » i, -~
et A L0 /oy 3 r
do 2 r 2

Following [2, 3, 6], we linearize cos | in the vicinity of orthogonality point
o, =m/2:
I

cosq = __g9 27
Pp
1 da I .
where parameter —— = ——- characterizes here the rate of the angle
Pg do o =m/2

changes along the ray. Substituting (27) into parameter £, we have

2Go
Pp

(28)
kovﬁ
241 —v

G =
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Involving dimensionless arc length £ = 0.,/G/p and dimensionless parameter
p = Guppg, we can rewrite Eqs. (26) as

ar . .

L= Q&+ ip. I
aé rTT

) (29)
Ay ddp e
iz T~ 2 L

These equations coincide with equations (4.22) in book [3]. The solution of
system (29) can be expressed through the functions of the parabolic cylinder D,(z),
similarly to a solution used by LANDAU and LirsHITS [18] in the problem of electron
terms interaction under atomic collisions (Landau—Zener solution).

Assuming the incident wave to be of the right-hand polarization, we use the follow-
ing initial conditions:

1

[ 13(==)]|
(30)
0

| £](==)|

Using then asymptotic formulae for parabolic cylinder functions at z — e, we find
the following intensities | Flf and | FI,2 at £ — oo:

|D(+eo)|* = [ I(teo)|” = ™7
1)
[rie) [ = [ rien [ = 1o

Accordingly, the coefficient of circular modes conversion /, — 7 is given by

2 ~ 2
T = S
| 13(e0) | + | (o) | ()| + | 130

(32)

Interaction of normal modes takes place mainly within the narrow interval
—Oiy < 0 < Oy, Where o;, = pBA/;t. Correspondingly, the interaction interval in
dimensionless variable & acquires the form —&, < &< &, with &, = +/p. Beyond
this interval interaction becomes weak enough and normal modes propagate practically
independently. This theoretical conclusion can be confirmed by numerical solution of
the system (29), performed in Ref. [19]. According to [19], conversion coefficient
oscillates before achieving the steady state.

Contrary to traditional plasma diagnostics, dealing with averaging plasma parameters
along the ray, Eq. (32) opens up the way for measurements of local plasma parameters,
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as was first suggested in paper [6]. Having measured the conversion coefficient 77, one
can determine interaction parameter p = Gup g, which is a combination of local plasma
parameters, from the formula

4
p = Gupy = —In(1-n) (33)

According to (28) parameter p = Gupy is proportional to the electron density N,
and to the third power of the magnetic field:

p = Gupy~N,B, (34)

It is this product that can be determined from localized polarimetric measurements.
Characteristic scale pz can be determined from numerical modeling of the magnetic
field configuration and therefore it can be considered to be known.

6. Complex polarization angle (CPA)

Tangent of CPA is defined as a ratio of complex amplitudes [1-5]: tany= /5,/7;.
It was shown recently [11] that the components y' and y"" of CPA y=y'+iy”
characterize the angular parameters ¥, y of the polarization ellipse: real part ¥’ defines
polarization angle, ¥’ = y and imaginary part — its ellipticity: tanhy"' = tan y = e.

It follows from QIA equations (5) that complex polarization angle ¥ in magnetized
plasma satisfies the following equation:

y = %koVul/zcosaH —%ikoVusinzaHsin(Zy—2al) (35)

Here, ¥ = dy/do is a derivative along the ray. This equation can be presented also
as [11]:

. 1 1.5 . 1.
Yy = 7Q3—719181H(2]/)+TI.QZCOS(zj/) =
1 1. .
= T.Q—J»—TZ.QJ_SIH(ZJ/—ZOKJ_) (36)

Equations (35) and (36) have proved to be very helpful for solution of various
problems in plasma polarimetry.

7. Equations for evolution of traditional angular parameters
of polarization ellipse

It follows from Sec.6 that y' = w, y" = y/cos(2y), tanh(2y")=sin(2y),
sinh(2y") =tan(2 y) and cosh(2y') = 1/cos(2 ). Substituting these relations into
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Equations (36) one can obtain the following system of equations for the traditional
angular parameters (¥, ¥ ) of polarization ellipse:

L9, 2
= — +
==

cos(Qy—2a)tan(2y)

(37)
‘QJ_

¥ =- sin(Qy-2a,)

This system has not been known so far. It might be very helpful for plasma
polarimetry.

8. Derivation of equation for Stokes vector from QIA

For monochromatic wave field the components of the full (four components) Stokes
vector s = (s, Sy, 55, 53) are connected with the components of the polarization vector
by relations [20]:

2 2
so. = |G|+ [0
2 2
sp = |G- 105
(38)
= LI+ 1T,

v
N
|

=i (rl*rz - r;)

o)
w
|

According to Egs. (38), the derivatives s, = ds,/do with respect to arc length o are

k
as follows:
50 = F1F1*+ F1F1*+ [“21}*+ szz*
§, = LI+ LY=L - LT3
s, = N+ N+ 170+ 17T
Sy = i(h*Q+ﬂ*f2—ﬂF2*—ﬂf2*)

In the case of collisionless plasma the component s, preserves its value:
so = const. In this case, it is convenient to deal with a reduced (three component)
Stokes vector [20]:



Propagation of electromagnetic waves in weakly anisotropic media... 987

s = (S15 S27 S3)

s, = cos(2y)cos(2y)

(40)
5, = cos(2y)sin(2y)
s3 = sin(2y)

Here, i is the azimuth angle (0 < w <) and tany = b/a is the ellipticity, or aspect
ratio, of polarization ellipse. Using derivatives /] , from QIA equations (5),
papers [13, 14] have proved that three-component Stokes vector s = (sy, s,, §3) satisfies
the equation:

§ = Qxs (41)

This equation forms a basis for Stokes vector formalism and is widely used in
plasma polarimetry. It was originally derived in [8, 9] by analogy with the equations
of crystal optics [6, 7]. Our derivation of Eq. (41) from QIA equations (5) demonstrates
deep unity of two methods, though they are quite different in form: Stokes vector (38)
is quadratic in wave field, whereas QIA equations are linear in wave field. From
general point of view, Eq. (41) may be considered as Heisenberg form of QIA
equations, the latter playing the role of Schrodinger equation.

9. Comparison of QIA and SVF approaches

Though Eq. (41) for Stokes vector stems directly from QIA equations (5), these
equations cannot be considered as completely identical ones. To illustrate this, let us
present polarization vector I' = ([, [3) = (|1"1|e’51, F2|e’52) as

[ = oi(5+8)/2 (|r1|ei(51752)/2’ |[*2|ei(—5]+§2)/2) (42)

and express four field parameters (two modules | /7|, |/5| and two phases J;, J,)
through the components s, 51, 5,, 53 of the Stokes vectors. It follows from Egs. (38) that

1
|F1|2 = 7(50+51)
1
5" = (5= 51) (43)

tan(d; — 0,) = —%3—
2
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According to Egs. (43), only three field parameters: two modules | /7], | /5| and
phase difference (0, — J,), can be extracted from Stokes vector. It means that three
equations (41) for three components of the Stokes vector are not completely equivalent
to the QIA equations (5): the phase half sum (J; + 0,)/2 cannot principally be
extracted from Stokes vector, so that polarization vector I'=17]e; + /e, can be
restored from the Stokes vector only within the total phase uncertainty. The reason
is that four components s, s, s, and s; and of the Stokes vector are connected by
a relation s% = s% + s% + s% and cannot be considered as independent values.

However, the total phase (J; + d,)/2 does not influence the shape of polarization
ellipse: it determines only the starting point on polarization ellipse. Therefore, one can
speak of practical equivalence of QIA and SVF.

10. Conclusions

Quasi-isotropic approximation of the geometrical optics method provides adequate
description for evolution of the polarization vector in inhomogeneous weakly
anisotropic plasma. QIA equations allow deriving an equation for the complex
polarization angle as well as equations for angular parameters of polarization ellipse.
Besides QIA equations allow us to substantiate Stokes vector formalism and to derive
the equation for the Stokes vector evolution in a consequent way.
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