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Optical external efficiency calculation 
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In this paper, we present a simple method for calculation of optical external efficiency of
mid-infrared quantum cascade laser. The approach is based on the three-level rate equations
describing the variation of the electron number in the excited states and the photon number
present within the cavity. We have obtained a simple analytical formula for the optical external
efficiency. The effects of cavity lengths and current injection are taken into account. It has been
found that the optical external efficiency becomes more important at high current injection and
at lower cavity lengths.
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1. Introduction

Quantum cascade (QC) laser [1] is a unipolar semiconductor device that utilizes
intersubband transitions in quantum wells. In these lasers, the wavelength is not
controlled by the material bandgap but by the choice of well and barrier layer thick-
ness and by tailoring the optical matrix elements and the relaxation times. Up to
now, a number of authors have proposed various operating schemes for mid-infrared
QC laser. Among the notable designs, the following can be mentioned: the three
quantum wells active region scheme [2–5], the superlattice active region design
[6–8], the two phonons active region one [9], and the bound to continuum
design [10–13]. Optical performance on QC laser depends of an important parameter,
namely the optical external efficiency. This efficiency depends on the laser cavity
length and on the current injection. In this paper, we calculate the optical external
efficiency ηext for the mid-infrared QC laser reported by PAGE et al. [3], using a rate
equation model.
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2. Theory

2.1. Rate equation model
The simplified rate equations describing the variation of the numbers of electrons in
the excited states N3 and N2 and the number of photons Nph in the cavity can be written
as [14, 15]:

(1a)

(1b)

(1c)

where spontaneous emission has been neglected and a single laser mode has been
assumed.

In the above equations, I denotes the injected current tunnelling into the upper
laser level and e is the electronic charge, while Γ  and σ32 are the mode confinement
factor for the cavity and the stimulated emission cross-section between the upper and
lower laser levels. In addition, in the above equations we introduced the total number
of cascaded gain stages N and the velocity of the light in medium c' = c/neff , where
c and neff are the speed of light in vacuum and the effective refractive index of
the cavity. To complete the picture we take into consideration the volume of the cavity
denoted by V and given by V = NLpWL, where Lp is the length of a single stage while
W and L are the width and the length of the cavity, respectively. The three nonradiative
scattering times, denoted by τ32, τ31, and τ21, are calculated accounting only for
longitudinal optical phonon emission, which is assumed to be by far the dominant
scattering mechanism [16]. We also define the lifetime of the upper laser level τ3 given
by . The photon lifetime τp is given by [17]:

(2)

where R1 and R2 are the output couplings at facets 1 and 2, and αw denotes
the waveguide losses of the cavity. The latter is caused in QC laser by the free
carrier absorption in the doped semiconductor regions and the metallic contact layers,
the scattering loss out of the optical waveguide, and some loss in the passive portions
of the guide and in the cladding.

In order to determine the intensity inside the active medium of the QC laser, we
calculate the population inversion between excited states 3 and 2. The system of
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Equations (1) can be solved for steady-state conditions, yielding after a somewhat
lengthy calculation the following expression for population inversion 

(3)

where Nph, sat is the saturation photon number, given by

(4)

In Equation (4), τ sat is the saturation time constant defined as

(5)

The rate equation (1c), with the help of Eqs. (2), (3) and (4), leads to the steady-
-state photon number Nph as a function of current injection: 

(6)

where Ith denotes the threshold current, which we define by equating the modal gain
and the losses.

At threshold, we have

(7)

where the population inversion at threshold ΔNth is obtained from Eq. (3) by setting
Nph to zero and replacing I  by Ith. After easy algebra we get the following expression
for Ith:

(8)

As we can see from Eq. (8) the output coupling at facets 1 and 2, the waveguide
losses of the cavity, the stimulated emission cross-section, the cavity length, and
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the confinement factor are the parameters determining the threshold current in QC
laser. In addition, the structural parameter of the QC laser (layer widths and
composition) affect also the nonradiative scattering times, and thus the threshold
current [18, 19].

Considering the fact that the intensity inside the active medium is doubled,
the intensity of light traveling inside the cavity of QC laser, calculated by using
Eq. (6) and taking into account the relationship between intensity in units of W/cm2

and photon number in the cavity  [17], is given by:

(9)

where  and  are, respectively, the forward and backward traveling beam in
the cavity,  is the energy of emitted photon, and  is the sat-
uration intensity.

2.2. Output power and optical external efficiency
The system of Eqs. (1) describing the amplification of the QC laser light inside
the active medium is now used to derive the output power Pout and the optical external
efficiency ηext. The output power Pout is related to light intensity by Pout = A (1 – R) I0
where R = R1 = R2 and A = NWLp is the cross-sectional area of the QC laser. Using
Eq. (9), one gets 

(10)

The power transferred into the upper laser level PUL is attained when the wave-
guide losses of the cavity are zero and the output coupling R approaches 100% (i.e.,
R → 1). Inserting Eq. (8) into Eq. (10), and using the approximation (1 – R) ≈ | ln(R) |,
the following expression for PUL is obtained:

(11)

We see that the output power will generally be lower than this maximum value.
We now wish to derive a general expression for the optical external efficiency ηext
which is an important parameter to characterise the optical performance of a QC laser.
This quantity is defined as the ratio of the output power emitted by stimulated emission
and the power transferred into the upper laser level:

(12)
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Using Eqs. (10) and (11) together with Eq. (8), we readily obtain the important
optical external efficiency parameter 

(13)

As we can see from Eq. (13) the optical external efficiency depends on the material
parameters of QC laser and can be controlled either by the cavity length L or by
the current injection I. For the case of very high current injection, we find that
the value for ηext given by Eq. (13) is well approximated by the relation

(14)

This equation indicates that the optical external efficiency is mostly controlled by
two important parameters, namely the cavity length and waveguide losses. A similar
result was obtained by FAIST [20].

3. Numerical results and discussion

In the following discussion we study the effects of cavity length and current
injection on the output power and the optical external efficiency for the structure of
QC laser described in Ref. [3]. We use in our calculation the parameters taken from
Refs. [3, 21]: number of cascaded gain stages N = 48, waveguide losses of the cavity
αw = 20 cm–1, nonradiative scattering times τ32 = 2.1 ps, τ21 = 0.3 ps, lifetime of
the upper laser level τ3 = 1.4 ps, width of the cavity W = 34 μm, length of a single
stage of the cascade laser structure Lp = 45 nm, mode confinement factor for the cavity
Γ = 0.32, output coupling R = 0.29, and the calculated parameters from Ref. [15]:
saturation photon number Nph, sat = 9.16×108 and stimulated emission cross-section
σ32 = 1.8×10–14 cm2.

In order to illustrate the influence of the cavity on the optical performance of QC
laser we plot in Fig. 1 the output power as a function of current injection for different
cavity lengths L = 0.1 cm (solid line), 0.2 cm (dashed line), 0.3 cm (dotted line), and
0.4 cm (dot-dashed line). The curve marked by “upper laser level” is the power
transferred into the upper laser level. The output power increases linearly with current
injection up to the threshold and the slope efficiency becomes steeper as the cavity
length is increased. The output power cannot exceed the power PUL that is available
in the cavity. 

Figure 2 shows the effect of the cavity length and the current injection on the optical
performance of the QC laser. The figure depicts contour lines of optical external
efficiency ηext as a function of the cavity length and the current injection. It has been
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found that the optical external efficiency depends strongly on the cavity length and
the current injection. The optimal choice of L < 0.15 cm and I > 5 A results in
the greatest value of ηext > 10%.

The optical external efficiency calculated from Eq. (13) for four cavity lengths
L = 0.1 cm (solid line), 0.2 cm (dashed line), 0.3 cm (dotted line), and 0.4 cm
(dot-dashed line) is plotted in Fig. 3. As can be seen, the optical external efficiency
first increases rapidly with the current injection I and then saturates for the highest
values of I. This figure also shows that, when the cavity is lengthened, the threshold
current is significantly increased and the maximum optical external efficiency at high
current injection is reduced. 
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Fig. 1. Calculated output power as a function of current injection for different cavity lengths. The solid,
dashed, dotted and dot-dashed curves stand for L = 0.1, 0.2, 0.3 and 0.4 cm, respectively. The curve
marked by “upper laser level” is the power transferred into the upper laser level.
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Fig. 2. Calculated contour plot of the optical external efficiency ηext [%] as a function of the cavity length
and current injection.
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In Figure 4, the optical external efficiency is plotted as a function of the cavity
length for four values of current injection I = 6 A (solid line), 5 A (dashed line), 4.5 A
(dotted line), and 4 A (dot-dashed line). We observe that the optical external efficiency
decreases when the cavity is lengthened. It becomes lower than 2% at I ≤ 6 A for cavity
larger than 0.5 cm.

4. Conclusions
In summary, we have developed a new method to obtain the optical external efficiency
of mid-infrared QC laser, using a simple rate equation model. In particular, a simple
analytical formula for the optical external efficiency was derived. It has been shown

0 2 4 6 8 10
0

5

10

15

20

25

L = 0.1 cm

L = 0.3 cm
L = 0.4 cm

Current [A]

O
pt

ic
al

 e
xt

er
na

l e
ffi

ci
en

cy
 [%

]

Fig. 3. Dependence of optical external efficiency versus current injection for different cavity lengths.
The solid, dashed, dotted and dot-dashed curves stand for L = 0.1, 0.2, 0.3 and 0.4 cm, respectively.
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Fig. 4. Dependence of optical external efficiency versus cavity length for different current injections.
The solid, dashed, dotted and dot-dashed curves stand for I = 6, 5, 4.5 and 4 A, respectively.
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that the output power accounts for less than 18% of the power transferred into
the upper laser level and varies strongly with cavity length. The results should be
generally applicable to a wide class of mid-infrared QC lasers.
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