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Fresnel field of a multiple diffraction grating system
illuminated by a point source
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General relations in the Fresnel area describing the field propagation by a system consisting of
an arbitrary number of diffraction gratings have been derived. The considerations are based on
the analyses of changes of the Fourier spectrum during the field propagation through the
gratings. The application to the study of the moiré fringes formed in a double-diffraction system
has been demonstrated.

1. Introduction

Systems of separated diffraction gratings are applied in various metrological
problems [1]. The utility of such systems follows from their simplicity and
flexibility to construct different measuring configurations. Additionally, the filtering
of the grating spectra enhances these attributes.

The analyses of the Fresnel field of double-diffraction systems are known [2],
[3]. In order to determine the field in the image space of the last grating, the field
distributions in the plane of every grating are found successively. This way of
conducting of the analysis focuses our attention on the fields in the grating planes.
The diffraction field equations are derived using the distances between the gratings
as the functional parameters. Though such an approach seems very natural, it does
not take into account fundamental property of the phenomenon. The centre of the
propagating field is situated at the point source and this fact occurs for every
grating in a system, independently of the grating position.

In the paper a new approach for studying the multiple diffraction grating
system has been proposed. It is based on the analysis in the Fourier plane. For the
first time such an approach has been applied to the Talbot effect interpretation in
the case of one diffraction grating [4]. If an infinitely large diffraction grating is
illuminated by a point source, then the Fourier plane coincides with this source
and the Fourier distribution is discrete. In this plane we have a set of points
appearing at equal distances along the direction perpendicular to the diffraction
grating lines. Every light spot in the Fourier plane of the first diffraction grating
may be taken as the point source for the second one. This spot also generates
discrete spectrum in the Fourier plane of the second diffraction grating. If the lines
of both gratings are inclined, then two-dimensional set of points in the Fourier
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plane will be seen [5]. The influence of the next gratings can be analysed in the
same way. It means that the changes of the field for all gratings will be seen with
the aid of the Fourier spectra only. The advantages of such approach follow from
the constant position of the Fourier plane, the discrete form of the Fourier
distributions and the simple mathematical operations defining the transitions from
the spectrum to the spectrum of adjacent gratings. At the end of the analysis we
can admit that the field distribution in a plane of the image space of the last
diffraction grating is a result of the interference of light emitted by all the points of
the Fourier plane. In the mathematical sense we shall determine the Fourier
transform of the respective Fourier distribution. In addition, the proposed ap-
proach facilitates the harmonic analysis and allows the direct derivation of general
conclusions.

2. Field propagation through one diffraction grating

Let W(a) be a field distribution on a sphere I, which coincides with a diffraction
grating G (Fig. 1), & is the radial position vector on I, 5 —centre of the sphere I.
Directly behind the diffraction grating on the sphere 1' the field distribution arises

Fig. 1 Field propagation through a diffraction grating G

in the form V = K T, where T is the diffraction grating transmittance. Although
the spheres | and 1" are coincident in the figure, they are in the different spaces of
G. The sphere 1 is in the object space, and I" in the image space of G. The field
distribution V (a) from the sphere 1' generates its own Fourier transform distribu-
tion V;(qg) on the sphere with the centre M. For the case shown in the figure
the Fourier spectrum is virtual with respect to the grating, qis the radial position
vector on the sphere ZF.

Denoting

A =kalz, @
we can write

Vi(a) = ¢zFT+[K(I) 7(1)] @

where z is the distance between the centres M and S, k = In/h, A — wavelength,
FT+ —the operator of two-dimensional inverse Fourier transform. The modulus



Fresnel field of a multiple diffraction grating system ... 15

A is a parametrized measure of the angular position of points on the spheres |
and 1", as seen from their centres. The introduction of the quantity A will be very
useful, because the field changes during the propagation in space represent some
characteristics of the grating geometrical shadow projected from the point S. This
means that the field distributions ad different distances from S are in some degree
invariant with regard to the angular variable A, but it is not a case for the linear
variable a

If the direction of the periodical changes of the diffraction grating G is given
by the versor ¢3°, then

T(A) =Y_tcmQxp(imcoA) ©)

where cm are the coefficients of one-dimensional Fourier series. The modulus ce

= 2n/WA is the fundamental angular frequency of the diffraction grating, WA —

the period of the diffraction grating related to the parametrized quantity A and,

according to (1), WA= kWJz (Wa is the period of the diffraction grating in the

linear measure). The sum in the relation (3) is taken in the infinite limits.
After substituting Eqg. (3) into Eg. (2) we obtain

K (&) = Z cmVyig + nio)) @

where
©)

The distribution vr{q), as the Fourier transform of the field distribution from the
sphere |, arises on the sphere | Fin the object space of the diffraction grating.
According to Eqg. (4) we can conclude that the transmission of a field distribution
through a diffraction grating leads to the multiplication of the Fourier spectrum of
this distribution. The effect is known as the image multiplication by the sampling
of the Fourier spectrum [6]. In this case, roles of the image and its spectrum are
interchanged.

In particular case, the diffraction grating may be illuminated by a point source
S. We have: FXA) = \0, and from (5): WF(q) = A2V0d(g). \O is the constant
amplitude of the wavefront I. On account of (4) the spectrum in the image space
of the diffraction grating is given by

= k:VCEc,,a(é+mco). (6)

The last relation represents a discrete distribution on the sphere ZF. The equidis-
tant points are situated on the line, which coincides with the direction of
periodical changes of the grating (coincident with ¢3°). The distance between the
adjacent points of the Fourier spectrum equals & (see Fig. 2).

The relation (4) and, in particular case, the relation (6) allow the determination
of the change of the Fourier spectrum related to the transmission of a field
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Fig. 2. Fourier spectrum of one diffraction grating illuminated by a point
source 5

distribution through a linear diffraction grating. To follow the field propagation
through a system of diffraction gratings it is necessary to find the relation defining
the changes of the Fourier spectrum related to the field propagation in free space
between the gratings.

With reference to Fig. 1 let spheres I' and Z'Fbe the spheres with the known
field distributions in the image space of a diffraction grating (Fig. 3). It is
important to know that on the sphere I with the centre S we have the field
distribution directly behind the grating, and on the sphere ZFwith the centre M —
the Fourier spectrum of the field distribution from the sphere Z'. To find the field
distribution on a sphere Zd with the centre located at the point S, it is sufficient to
determine, in agreement with our approach, the Fourier spectrum of this distribu-
tion. The Fourier distribution occurs on the sphere ZFl with the centre Md, and
the relation between the spectra from the spheres ZF and ZF, according to Fig. 3,
is given by

MA@ = K (6)exp (ikpg?) ™

where

P 1C4> )

Fig. 3. Propagating field distributions on the
spheres 1' and 1'd and their Fourier transforms
on the spheres Ip anf® respectively



Fresnel field of a multiple diffraction grating system ... 17

From the relation (7) it follows that the propagation of the field with the
discrete spectrum does not change its discrete character. Indeed, substituting Eq.
(6) into Eq. (7) we have

Kd(e) = kz \,O]r'[]cmexp (ikpm2e 2)6(g + mee). ©)

Then, the propagation of the field with the discrete spectrum introduces the
respective phase shifts in the spectrum only.

In general case, the relations (4) and (7) solve our problem of the field
propagation through the arbitrary diffraction grating with the aid of the Fourier
spectra. The field transmission through a diffraction grating can be described by
the spectrum multiplication (see Eqg. (4)). On the other hand, the propagation in
free spece can be expressed by the product of the spectrum distribution and the
phase factor (see Eq. (7)). The simplicity of mathematical operations and the
constant position of Fourier transforms are the essential advantages of the
proposed method of analysis. The additional advantage of our approach is related
to the system illuminated by a point source, because in this case the spectra are in
the form of two-dimensional sets of points.

3. Field propagation through a system of diffraction gratings

First, we shall combine the Egs. (7) and (4), and in this manner we shall obtain
one relation describing the transmission and the field propagation simultaneously
for one grating. For this purpose let us consider K-th diffraction grating of a
multiple grating system (see Fig. 4), K=1,2, N {N — number of grating in
the system). Moreover, let VHK(g) be the object spectrum distribution of diffraction
grating GK. It means that this distribution occurs in the object space of GKon the
sphere ZFK with the centre at MK. In order to determine the object spectrum
distribution WK+ (p) of the diffraction grating GK+l according to (7) and (4) we
can write

VEk+Aq) = "ZcmKexp{ikpKK+l Q@)VFK(Q+ mKeK) (10)
nK
Efki Efk Gk Gk,

Fig. 4. Field propagation through one element
of the multiple diffraction grating system as the
change of the Fourier spectrum distributions on
the spheres EFK and EFK+i, respectively
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where

1/1
T 2\zK (o

The spectrum WK+x{q) occurs in the object space of the grating GK+X on the
sphere r FIC+L with the centre at MK+l. oK is the fundamental angular frequency
in the vectorial form of K -th grating, cnK —coefficients of the Fourier series of the
same grating.

Now, let G be a system of N diffraction gratings, illuminated by a point source
S (Fig. 5). For simplicity, the first and last gratings are marked in the figure only.

P<,k+i

G
-IN.

S M Mh M JCNJ- Fig. 5. Propagating field distri-
—_— bution on the sphere 1*+,
and its Fourier transform on
the sphere 2 ¢,n+i as a result
2 of the propagation of a spheri-
2n cal wave through a multiple
Ni diffraction grating system G

zIN. (S — light point source)

Taking into account the relation (10), for the first two diffraction gratings we can
write

Fr2(19) = Azt VOJ cmiexvlikpl'2(ml (di)2]6(é+rnlcdi), (12a)
nt

VB3 = Foil cmiexp[ikpK <1)Z]

im2 (12b)
Xemiexph> 25 (MiUi+ mad®) a[Q+{m +m2m2)],

because Ff1 (p) = Xzx\Wa(q).

Going on with the recurrent Eqg. (10) for the subsequent gratings, we shall
obtain for Al—1 gratings the following relation:

K.sk =Kk tFoXX... £ 5(5+0».,) (13)

mx wi2 mN —1

where the following denotations have been introduced:

M

d, = FI C, (14a)
M

HM=YJmt®t, M=1,2 ..., N, (14b)

t=t
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and
Cs = crreexp(ikpss+1Q3). (15)

The field distribution Ffjv{?) is the object spectrum of the N-th diffraction grating
and it arises in the sphere ZFNnot marked in the figure. The surface r A\ as the
Fourier sphere, coincides with the point S, and its centre is located at the point
MN Now, the question is what the field distribution is on a sphere .-+ located
in the image space of the whole system at the distance zN+l from the source S (see
Fig. 5). Using once more the relation (10), we shall obtain the spectrum of the
demanded distribution in the form

KIVHL(e) = M« ', H ... | E<i,i(e+0%). 16
(e) wt _Eee ¢(¢+0%) (16)

The last distribution arises on the sphere ZRN+L with the centre MN+I. The field
distribution on the sphere ZN+i can be found from the relation

wn+1(A) =-"— FT-CK" fe)] (H)

where FT- is the Fourier transform operator. Now, the quantity A equals
kaN+l/zN+I, where aN+l is the radial vector position on the sphere ZN+1.
Substituting Eqg. (16) into (17) it will be

W+HKA) =-"—VWoX £... X X dNexp(iAQN. (18)
1 mj m2 mN —1 mN

Summing up, the relations (18) and (16) give the field distributions W-+I(A)
and K.,v+i({?) on two characteristic spheres Tv+l and ZEN+j, respectively, in the
image space of a system of N diffraction gratings illuminated by a point source S
(see Fig. 5). N is the arbitrary number of gratings, and in the extreme case it can
be N = 1 (for the proof compare the relations (16) and (12a)). According to the Eg.
(16) the Fourier spectrum is a set of points. The field distribution on the sphere
ZN+ may be treated as a result of the interference of the light emitted by the
points sources of the spectrum, which is presented in the mathematical form by the
relation (18). The distribution of the field amplitude of the original source among
the spectrum points is expressed by the moduli 1*1, which result from (14a) and
(15) as follows:

WM = n I<w: (19
It means that the amplitude distribution depends on the ones in all grating spectra
only. The amplitude distribution for s-th grating is defined by the amplitudes of
the Fourier series harmonics [cd, m=0, £1, +2, and s= 1 2...... N.

If we assume ds = \dNexp(i(pN, then according to (16), (14a) and (15) the
secondary point sources of the spectrum are phase shifted with respect to the
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sphere r FIV+L The phase shifts are given by the relation

N
£ = Z [Arg(cm) +kpSS+lQF]. (20)
Thus, the phase shifts of points consist of the phase corrections related to the
construction parameters of gratings [Arg(cng)] and the phase corrections depend-
ing on the grating positions. If all gratings are amplitude type and symmetrical,
then Arg(c*ns) may equal O or n only for every s and m. In this case it is better to

neglect Arg(cmy in (20) assuming the negative modulus of coefficients cng It means

that Eq. (19) should have the form \dN\= }Y cns.

The form of the phase corrections in Eq. (20) related to the positions of
gratings is adapted for the discription of the transitions between the adjacent
gratings, because every component Arg(Cs) = kpss+iQ2 concerns the phase chan-
ges introduced by the field propagation between the gratings s and s+1 (s
=1, 2, ..., N—1), as well as between iV-th grating and the sphere | N+t. The form
of the phase corrections results from the applied process of analysis. In this case
the influence of the position of a grating may be considered with comparison to
the self-image of the preceding grating. For example, the fulfilment of the condi-
tion

koKK+Ojl =2nM, M == 1, +2, ..., 1)

signifies that the M-th self-image of the grating K is located in the plane of the
grating K+ 1 [4]. Therefore, according to the definition (14b), the component
kPk.K+i mK*)K in (20) may be neglected. However, from practical point of view, the
coincidences of the self-images of different gratings with the image sphere ZN+l
(Fig. 5) are more essential. In order to adapt the relation (20) to the analysis of
this coincidence, the order of the elements in it have to be transposed. Squaring
the sum in parentheses and rearranging the terms, using the relation psf+ p,u
= pStt, we can write

<P*= £ [Arg(cng)-fkpsNHm] co?] + 2 £ kpSNt+xmsosQs_t (22)

s=

instead of (20). The above form of the phase shift ¢pNis similar to the results of the
paper [3], obtained for two gratings. Although the relations (20) and (22) are fully
equivalent, the second form is less clear. Moreover, the position of the sphere
Tjv+i (the change of zN+i) changes, in the sum (20), the last component with
ps.n+i ONly- This may facilitate analyses of the field distributions at different
distances from the grating system. On the other hand, the relation (22) allows, in a
more easy way, to take into account the condition

koKN+la)j = 2nM, M == 1 2, .., (23)
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concerning the coincidence of M-th self-image of the grating K with the sphere
ZN+I. In this case, the components kpSyN+lm'a>* with s = K in (22) may be
neglected.

According to Eq. (18), the phase factor exp(iAQN describing the field distribu-
tion of the field harmonics on the sphere I N+l does not change its form during
the changes of the sphere position (the changes of the distance zN+1, see Fig. 5).
This convenient property has been obtained by the introduction of the parametriz-
ed vector position A. In order to determine parameters registered in the image
plane, it is necessary to find the relation between the angular frequency CN related
to the parametrized vectorial coordinate A and the distribution period W*N+) in
the linear measure of the same harmonic on the sphere ZN+1, The vectorial form
of Qn may be neglected, because the period Wa is defined in the direction of the
harmonic changes. The quantity A equals kaN+l/zN+Il, where aN+l is the radial
distance on ZN+Il. Moreover, from (18) it follows: QN= 2n/WA, where WA is the
harmonic period related to the quantity A. This means that WA = KW}NH)/zN+I,
and

W o(1V +1) _ 201ZN + 1 _ AZa. +1 ? A
kQN QN ("

The same relation is between the periods W9 of s-th diffraction grating and their
fundamental angular frequency ces, i.e.,

(25)

From the last equation it results, in particular, that in our approach the position
change of a grating with given period WY changes the fundamental angular
frequency .

4. System of diffraction gratings illuminated by a plane wave

The above analysis and the form of the obtained relations have been well adapted
to configurations with the light source located at a finite distance from the
gratings. In this case, a system of diffraction gratings is illuminated by a spherical
wave, and the spectra for all gratings are located in the same plane at a finite
distance. On the other hand, the system illuminated by a plane wave is the case of
a great practical importance as well. Consequently, the problem of necessary
changes in our equations arises, including this particular case.

For the source located at the finite distance the utility of the parametrized
coordinate A was based on the shadow property of the propagating field projected
from the source. Now, the quantity A is useless and the analogical shadow
property of the field is fulfilled for the linear coordinate & Moreover, because the
Fourier plane shifts to infinity, it is necessary to introduce the notion of the
angular field distribution for it. For that purpose let Vf(qg) be a field distribution
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on a sphere I Fwith the centre M (see Fig. 6). Physically, the intensity distribution
I£(q), [I¥(q) = vr(q) FF(p)], is proportional to the surface power density of the
distribution related to the elementary area of the sphere | F, (IF~ dW/dSB. For the
sphere | F located at infinity (z -~ 00) the intensity distributions IF, as well as the
field distribution VFbecome useless too, because both quantités are infinitesimal.

Fig. 6. Reference sphere with the Fourier transform
distribution and its elementary area dSF

The angular intensity distribution JF(w) related to the intensity distribution 1¥(q)
is proportional to the optical power of the distribution per unit solid angle
subtended by the element of the area dSFat the point M. The vector wequals oz,
then the modulus w is the angular coordinate of the points of the sphere | Fas
seen from the point M. The radial versor w° defines the meridional plane. On
account of the relation JF(W) ~ z2dW/dSFwe can write JF(W) = z21¥{q). It means
that the angular field distribution UFRx) defined on the sphere I F [JFW)
= UFw) I/E(w)], and the field distribution Vf(q) are related by the expression

Uf(w) = zVF(q). (26)

The quantity UHFw) is particularly useful for distributions located at infinity
(z- x).

Now, using Egs. (25) and (26), as well as the general relation <5(d?) = S(g)/c2 as
in this case zjzt=1(s,t= 1,2, ..., N+1), Egs. (16) and (18) with the defining
expressions (14) and (15) can be easily transformed into the following forms of
relations valid for the plane wave

_ An2 Vv
Ufoo+i (%) - — i 2 m!V-iITW + 27
N+10)=WEX ... £ 17Mexp (13%) (28)
mn2 myyjmyv
where:
R = kw, (29a)

4 =n Q, (29b)

s—1
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&N= Z ms(G, (29%c)
L llzizss+1o0;

C; = cneexp Y (29d)

ojc= (29%)

**+ (¢ is the field distribution on the plane ZN+l as the result of the propagation
of the plane wave TO through the system G of N diffraction gratings (Fig. 7), a is
the radial vector position, VO - amplitude of Z0. URN+L{R) designates the

G

to GG Gn I red

Fig. 7. Propagating field distribution on the plane
ZN+ and its Fourier transform at infinity as a result
of the propagation of the plane wave | 0 through a
multiple diffraction grating system

angular field distribution in the angular spectrum of W+1(a). The radial vector R
is the parametrized angular coordinate of the spectrum, the angle w is marked in
the figure. W9 designates the fundamental period of the s-th diffraction grating in
the linear measure. drss+, is equal to the distance between the gratings s and s+ 1
s=12... N —1), AzZNN+ is the distance between the plane Z,,+, and the last

diffraction grating of the system. As before, cns are the coefficients of the Fourier

series of s-th diffraction grating. The direction of the vector ed coincides with the
direction of periodical changes of the s-th diffraction grating.

It should be remarked that in both cases of the light source located at finite
and infinite positions, the different quantities have been parametrized, ie., the
quantity A is related to the image sphere (Eq. (1)), and R — to the spectrum (Eq.
(29a)). We have assumed that it is convenient to parametrize the quantities
describing the distributions which can be displaced to infinity. Certainly, for the
finite distance of the source the determination of the field distribution at infinity
may be interesting. Unfortunately, the assumed parametrization would complicate
parallel analyses of the field propagation through a system with the source at finite
and infinite positions. For such comparative considerations, the equations related
to the plane wave are recommended, except for Eg. (29d), because the image
sphere ZN+i (or plane) must be at the finite and constant position. In place of it,
according to Egs. (15), (14b) and (25), we can write

Cs = crreexp /X ™zt gt)2 . (30)
=1
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5. Two-grating system

Two-grating system is chosen to demonstrate the utility of our approach (see Fig.
8). In the place of Egs. (18) and (16) we can write

\3(A) =Z" -1 "'£ d 2exP{iA01), (31)
nj m
K,(® =k I WOY.Zd25(e+Q2 (32)
nj m
where, according to (14) and (15),
d2 = cmi c,,2exp(ifcpI2m\ cof) exp [ikp2* (m, wx+ m2a>2)2], (33a)
Q2 = mlad + m2a)2. (33b)

As Pi:+P.s = Pis>the Eqg. (33a) may be easily rearranged into the form
d2 = cmi cnRexp [ik (plt3 m\ co\+ p23m\wj + 2p23mxm2(bx>2)], (34)

that corresponds to Arg(d2) given by Eqg. (22). It may be shown that the Eq. (34) is
in full agreement with results of the paper [3].

Ef3 G, - G2 Z3

Fig. 8. Propagating field distribution on the sphere Z3 and
its Fourier transform as a result of the propagation of the
spherical wave with the centre S through a double-diffrac-
tion system (G,, G2 — diffraction gratings)

It is worth remembering that the field distribution V3(A) arises on the sphere
T3 with the centre 5, and its spectrum VR3(Q — on the sphere £R3 with the
centre M3. The central part of two-grating spectrum is shown in Fig. 9. The
grating system is illuminated by a point source S. Every point of the spectrum is
marked in the figure by labels composed of two numbers mlt m2, which are the
numbers of the harmonics of the Fourier series for first and second gratings,
respectively. The directions, perpendicular to the lines of both gratings, are marked
by the sections mi = 0 and m2 = 0. W0 in the Eq. (31) is the wave amplitude in the
plane of the first grating. Therefore, the factor zx\M¥z3 can be interpreted as the
wave amplitude on the sphere £3 with no gratings present.

If the second grating is located in one of the self-images of the first grating,
then kpU2(0j =2nM (Af= £1, £2,..), and in (33a) we can put
Q\p(ikpx.2m\(o\) = 1 The simultaneous coincidences of the self-images of the first
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Fig. 9. Fourier spectrum of two inclined diffraction gratings illuminated by the point source S

Fig. 10. Fourier spectrum of two inclined Ronchi gratings illuminated by the point source S

and second gratings with the sphere | 3 relate to the fulfilment of the two
following conditions together

kp2a3d2 = 2nM?2) (35»
(Mj, M2 — integers), in this case the relation (34) can be reduced to
d2 = cmi cm2exp(2ikp2t3m1im2w 1m2). (36)

5.1. Perpendicular lines of gratings

Let us denote the components of the vectors g and A in the directions coincident
with <«d and ai2 by gt, g2 and At, A2, respectively. As a3lftl2=0, ¢(p)
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= <G0i)<5(02), —mi coi Al +m20j2Az2, we can write (using (34) in the place of
relations (31) and (32))
@37)
~r3(e) = tet FO[£ + c"2S(g2+ m2w?2)] (38)
where:
cmi = cmi exp(i/cp=Bml wj), (39a)
cn2 = Gr2exp(i7cp23 (39b)

Taking into account the above equations it can be concluded that the propagation
of the spherical wave through a system of two diffraction gratings with the
mutually perpendicular lines may be reduced to the independent considerations of
two component fields for two principal sections. The resultant field equals the
product of the component fields.

5.2. Moiré phenomenon in coherent light

It has been shown that the field in the image space of a system of diffraction
gratings illuminated by a point source appears as a result of the interference of the
spherical waves generated by all point sources of the Fourier spectrum. The
interference of waves emitted by two points gives the linear fringe structure, for
which the direction of the field changes is parallel to the line joining both sources,
and the frequency of fringes is proportional to the distance between the sources. It
is necessary to remark that the linear fringes arise on the sphere. On the plane the
fringes are in the form of hyperbolae, which can be approximated in the paraxial
region by the straights. Considering the Fig. 9, if the difference of the fundamental
frequencies Aw = w2—Wi of both gratings is considerably smaller than the compo-
nent frequencies (Aw ag and Aw w2), the fringes may arise with small
frequency Aw. In this case, one says about moiré fringes.

According to Eqg. (26), the intensity distribution generated by the double-
diffraction system can be found from the expression

13(A)=V3(A)VF(A). (40)

In the case of moire phenomenon analyses the intensity changes with high
frequencies are not detected. This may be obtained using a detector integrating the
intensity in the direction perpendicular to Aw. Hence, our further considerations
may be limited to the study of the intensity changes with the frequency of
magnitude Aw only. Now, on account of (31), the relation (40) may be reduced to
the form

h(A)=£1<?(A) (41)
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where /~(T) is the intensity generated by all points sources with labels m1? m2
fulfilling the relation n = ml+m2. The points with the constant values of n are
marked in Fig. 9. For example, the component of the intensity | 3](A) is given by
the interference of light emitted by the points with labels (3, —2), (2, —1), (1, 0),
©, 1, (-1, 2, (-2, 3), and so on.

The above equations may be used to analyse moiré phenomenon with the aid
of a computer. In our case, we shall present an analytical method study a double-
diffraction system with Ronchi gratings (equal widths of the bright and dark lines).
The coefficients of Fourier series representing both gratings can be found from the
relation cm= 0.5 sine (0.57rm). They may be expressed in a more general form,
taking into account the grating shifts with comparison to their symmetrical
positions. Beside the complication of the analysis, it does not introduce any new
elements except for the respective shifts of moiré fringes. This means that a shift of
one of the gratings, measured in the fractional part of the grating period,
introduces the equivalent shift of moiré fringes, measured in the fractional part of
the period of fringes. For this reason, the influence of the shifts of gratings is not
considered.

Analogically to Fig. 9, the central part of the Fourier spectrum of a double-
diffraction system, composed of Ronchi gratings, is shown in Fig. 10. The field
amplitude distribution is symbolized by the diameters of the spots (that equal
|cm cm2l), and the power distribution — by their area. As cm= 0 for m even, in

every section with n odd (nh = mx+m2 there are two spots only [(0, m2 and
(wg, 0) for wg = m2=m2= +1, £3, ...] with equal amplitudes. On the other
hand, for every section with n even, except for n = 0, we have the equidistant and
infinite set of spots with the period equal to 2Aqgj. For the section n=0.
additionally to the situation described for n even and n# 0, the spot (0, 0) is
observed.

To determine the intensity distribution of moiré fringes on the sphere | 3 (see
Fig. 8) it is sufficient, according to (41), to sum up the partial intensity distribu-
tions generated by the spots of every section with n constant. The partial
distributions are periodical with the frequencies equal to module Aco. It means that
every partial intensity distribution, and consequently, the intensity distribution of
the moiré fringes, can be described by the following series:

13(A) = 10Y7jpcos (pAcA +fp), (42

[10=(zt FOz3)2; jp, fp designate the amplitude and the phase, respectively, of p-th
intensity harmonic for the intensity normalized to 10=1{p=0, 1, 2, ..).

For example, let us consider the section with n = 1, where the spots (1,0) and
(0, 1) are located. On account of the relations (31), (33b) and (34) the partial field
distribution will be in the form

(43)
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For the partial intensity distribution we can write

I'iHA) = VAMA) = 2lococ? [1 +cos(Ja>/i+/,)
where, as previously, Aco = cd2—cdl, and

A =kp230)I-kplt30)j. (45)
The distribution contains two intensity harmonics with the frequencies

equalling zero and Aa> Moreover, according to the general relation (42), jO=jx
=2c\c\ and /0o =0, jp=0for p>1

Analogically, we can show that the spots (0, —1) and (—L1,0) —the section n
= —1, see Fig. 10 —give the partial intensity distribution 1{ 1)(A), which differs
from the distribution 18{A) defined by the Eq. (44) by the sign of the phase  of
the first intensity harmonic, only.

Both intensity distributions of fringes 18]{A) and I'f*iA) may be observed in
the system shown in Fig. 11. Let Gi and G2 be the Ronchi gratings with equal

uF Tt3

Fig. 11. Double-diffraction system of the
gratings G, and G2 demonstrating the
moiré fringe phenomenon with filtering
of the spectrum. The system is illuminat-
ed by the point source SO through the
condenser K,, (uf - filter plane, n3 -
observation plane)

linear periods. Moreover, let the gratings be illuminated by a point source SO
through a condenser K,,. If the point S is the image of SO given by Kn, then the
spectra of both gratings arise successively on the spheres Tl and | R2. The
centres of the spheres are at Mx and M2, respectively. The phase shifts between
the spheres ZF1 and TE2 are related to the field propagation between the gratings
Gx and G2. The moire fringes arise on the sphere | 3 with the centre S, and its
spectrum is on the sphere r K3 with the centre M3. The proposed configuration is
convenient from the experimental point of view because all spectra and the sphere
13 are real in one space. In this manner, the spectrum can be easily filtered with
respective diaphragm located at the plane nF, and the result of filtering can be
registered in the plane n3. If the diaphragm transmits the spots from the section n
= 1 or n——1, the fringes observed in the plane n3 have the same period and
direction, alternatively. However, in the general case, they are not coincident. The
changes of the distance z3 between the plane n3 and the spectrum plane introduce
the shifts of both fringe images, but in the directions mutually opposite. The shifts
of fringes are related in Eq. (45) to the change of the phase flt induced by the
change of z3, the opposite directions concern the opposite signs of the phase/for
both distributions.
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If the spots of the sections n = 1 and n= —1 are transmitted simultaneously,
the stationary fringes will be observed with the contrast changes during the change
of the distance z3. This fact results immediately from the relation

iy'- D(A) = 16 J(A) + K3 » (A) = 4J0cl ¢\ [1 + cos(A) cos(d«T4)]. (46)

The same conclusions about fringe shifts and fringe contrast can be deduced
directly from the Fourier distribution. For this purpose, it is sufficient to remark
that the direction of the linear fringes coincides with the dashed line shown in
Fig. 10.

According to (46) the fringes for cos(/i) = 1 and cos(/,) = 0 are shown in Fig.
12. The fringes of the component intensity distributions may be observed at the
edge of Fig. 12b because both areas of the fringes are not exactly coincident. The

Fig. 12. Photographs of the moiré fringes obtained in the configuration shown in Fig. 11 for two
different distances z3\ a - maximum contrast of the fringes, b — minimum contrast of the fringes

perceptible curvature of fringes is connected with the aberrations of the condenser.
The spectrum of the double-diffraction system registered in the plane nF, is shown
in Fig. 13. It can be seen that the used gratings differ from Ronchi ones. Because
of that the experimental demonstration of the relation (46) shown in Fig. 12 was
possible only in the case the filtering of the sections and the filtering op proper
spots in the sections n = 1land n = —L In spite of the equal linear periods of both
gratings, the fundamental angular frequencies cjl and co2 are slightly different
because the gratings Gxand G2 are at the different distances from the point S. On
the base of the spectrum image of two Ronchi gratings shown in Fig. 10 we can
conclude that the first intensity harmonic, beside the sections n= 1land n= —],
can be generated by the spots (1, —1), (0, 0) and (—1, 1) of the section n = 0 only.
For these spots the partial intensity distribution will be given by the following
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Fig. 13. Intensity distribution in the Fourier plane for two inclined
diffraction gratings

expression

1€(A) = 10[ci + 2c\ + 4cJc\ cos (A(p) cos (Acoh) + 2¢\ cos {2AxA) (47)
where

A(p = /cp8col + kp23 0)2—2kp23 UA co2. (48)

In this case we have three intensity harmonics, the contrast of the first harmonic
depending on the position of the sphere | 3 only.

Summing up the Egs. (46) and (47) the intensity distribution on the sphere | 3
for 7 central spots of Fig. 10 will be obtained. It is worth remarking that the even
harmonics of the intensity (p =2, 4, ... in the Eq. (42)) will be generated by the
sections with n even only.

So far, as the first intensity harmonic of moire fringes for the Ronchi gratings
can be studied analytically (this conclusion may be extended to the odd harmo-
nics), the second or every higher even harmonics are composed of the infinite
terms, and the computer analysis is necessary. The last inference concerns the odd
intensity harmonics not only in the case of Ronchi gratings.

6. Conclusion

The general equations for the Fresnel field of a dffraction gratings system
illuminated by a point source have been derived. The simplicity of the procedure
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results from the analysis of the Fourier spectrum of the field propagating through
the system. The advantages of the proposed approach can be seen particularly well
during the analysis of the moire fringes with filtering of their spectrum.

Acknowledgment - | wish to thank Dr M. Kujawiriska for the experimental work.

References

[1] Patorski K, Szwaykowski P. Optica Acta 31 (1984), 23, and the references therein.
[2] Ebbeni J., Nouv. Rev. Opt. Appl. 1 (1967), 353.

[3] Szwaykowski P., Patorski K, Opt. J. (Paris) 16 (1985), 95.

[4] Jozwicki R, Optica Acta 30 (1983). 73.

[5] Patorski K.. Optica Applicata 14 (Is>84), 375.

[6] Som S. C., J. Opt. Soc. Am. 60 (1970), 1628.

Received September 10, 1986

O6nacTb ®dpeHenst ANa CUCTEMbl ANMPAKLMOHHBIX PELLETOK
OCBELLIEHHON TOYEUHbIM WCTOUHUKOM

OnpegeneHbl 06wme dopmynbl B 06nacTu dpeHenss A4N1s CUCTEMbl COCTOALLE/ M3 NPOM3BO/ILHONO
KO/IMYeCTBa ANGPAKLMNOHHBIX peLleToK. AHanM3 0CHOBaH Ha WCC/Mef0BaHUM U3MeHeHWl cnekTpa Pypbe
BO BPeEMS pacnpocTpaHeHUs BOMHbI 4epes AupaKUMOHHble pelleTKn. O6HapyXeHo MpUMeHeHWe aHa-
nu3a gns usydeHus nonoc Mopbl BO3HMKAaWOLWWX B ABONHOW AUGPAKLMOHHOW CUCTEME.



