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Elastooptic effect in a bent slab waveguide

Henbyk Mabciniak
Institute of Physics, Technical University of Warsaw, ul. Koszykowa 75, Warsaw, Poland.

The elastic strain imposed on the slab waveguide by physical deformation is shown to
have asignificant influence on a wave propagation. Due to the existing stress the dielectric
medium changes into the anisotropic biaxial one. In result the bending loss in the
slab waveguide is reduced.

1. Introduction

The physical deformation of a slab waveguide from its undisturbed flat shape
resulting, for example, in a bending, is known as inducing mode coupling. Due
to this bending the fundamental mode power is coupled to higher order modes
and to radiation field, so that the fundamental mode is attenuated. Most of
several theories on curvature loss that have been proposed assume [1-3] that
the fields at the bend can be approximated by those of a slab waveguide. In
practice, the radius of curvature of the bent waveguide is everywhere much
greater than its thickness, so that the assumption is satisfied. This makes plausi-
ble the assumption that the refractive index profile remains undisturbed as the
waveguide is bent. However, in order to be accurate, even to first order in
small curvature, the elastooptic effect should be taken into consideration in
analysis of a bent waveguide. In the paper [4] an isotropic change of the refrac-
tive index due to the density variation of the dielectric material of the waveguide
is considered. Here, we consider a bent slab waveguide in which account ia
taken of the elastooptic effect caused by an elastic strain.

2. Optical anisotropy of a bent slab waveguide

Let us consider a bent slab waveguide which is unlimited in the direction of
the y-axis and has the thickness 2d along the <r-axis. The radius of curvature
is R The structure geometry is shown in Fig. 1.

The elastooptic (or piezooptic) effect can be expressed by the components
of the elastic strain tensor or by the components of the elastic stress tensor.
In the local rectangular coordinate system the components of the strain tensor
of a bent slab can be obtained easily from the theory of the bent elastic slab
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where v is Poisson's ratio. The remaining components are equal to zero.
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In a dielectric medium the optic properties (the square of the refractive
index) depend upon the direction of the mechanical stress and the direction
of the light wave and are described by a second rank tensor having six inde-
pendent parameters. In the general case the index ellipsoid referring to the main

noordinate system becomes [5]
axx*+ azy?2 “\-2ady 7 -\-2aszx-\-2abxy —1. 2

The change Aa{ of the six coefficients of the index ellipsoid af caused by elas-
tooptic effect can be expressed in form of equations

Aa{ = prUj . (©)

These equations contain 36 elastooptic constants, in general. For the isotropic
dielectric medium there exist two independent elastooptic constants, that is
a longitudinal elastooptic constantpx =pxx = p2 —p3and a lateral elastooptic
constant p2=pX = p2X=pr3 = p2 = p3l = p13 All the remaining elastooptic
constants vanish.

Assuming
w
the following relation can be written
An] = —n\ Aa{. (6)

Taking advantage of the egs. (1) and (2), the change of the main refractive
indices for the case of the bent slab can be written as follows
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Hence, the change of refractive indices in the directions of the respective axes
is different. Due to the existing strain the isotropic slab waveguide becomes
an anisotropic (biaxial) waveguide. The grade of anisotropy changes linearly
in the direction perpendicular to the boundary of the waveguide.

3. Transformation of the bent anisotropic slab waveguide into an
equivalent straight slab waveguide

In the coordinate system of the main axes of the dielectric permittivity tensor
(if a refractive index depends only on x coordinate) the electromagnetic fields
of an anisotropic slab waveguide can be classified as TE and TM modes. There-
fore, the TE and TM modes will be considered separately.

Moreover, the bent slab waveguide (Fig. 2) with a main refractive index
n =n”x) (i indicates the x-, y-, z-axes of the coordinate system) may be trans-
formed into an equivalent straight waveguide with effective refractive index
profile [6]

<ef=n\{x)+An\{x,2). ©)

Fig. 2. Transformation of abentinto an equivalent straight waveguide [6]

The subscript i which distinguishes one of the three main refractive indices
is different for different directions of wave propagation. An\{X, z) represents the
influence of curvature of the radius B as a function of the z-coordinates.

The perturbation An](x, z) is obtained from the condition that the depend-
ence of the transverse field on x in the bent and the equivalent straight
waveguides must be equal.

For the case of the TE mode, an anisotropic slab waveguide has the same
properties as the isotropic one with the refractive index profile nz =nl(x).
The transverse wavenumber u in the bent slab equals

va = fenj@?) — )
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where Tdenotes the free space wavenumber. /3in eq. (7) denotes the local pro-
pagation constant perpendicular to the X, i/-plane. In contrast to propagation
constant /3 of equivalent slab waveguide /3 depends on x. According to Fig. 2
the local propagation constant in the bent slab depends on x as

B
P = Po B 'j‘X (8)

where /0 denotes the propagation constant on the ~-axis. By assuming that
the radius of curvature B is large, thus that B p x holds for all values of x up
to which the fundamental mode field extends, and /0  Tex (nxis a refractive
index on the 0-axis) eq. (7) may be written in form

«* = *r< «-# 9>
with
<ef = »J@0+ 2nJ-~. (10)

A slab waveguide with refractive index nget has the same properties as a bent
slab waveguide with curvature radius B. Since due to elastic strain (eq. (5b))
the actual refractive index profile of the bent slab differs from n2(x), the total
change of refractive index profile of the equivalent slab waveguides equals.

—2 g
ant = o\ ¥ -\ 1T pie 1)
Here, the subscript i —1, 2, 3 denotes core region, substrate and region above

the core, respectively. The first component of this equation results solely due
to the change of geometrical shape of the deformed waveguide, whereas the
second component - to the elastooptic effect. Eq. (11) may be written in form

Anl = 2»; (1- P.fi) (12)
with
. 1i ®v
Pvi ~ g'uy it P1* (13)

For the case of the TM mode the field of an anisotropic slab waveguide
differs considerably from the identical one in the isotropic slab waveguide. Now,
the transverse dependence of a field component can be expressed by the wave
equation (assuming that the gradient of the refractive index is sufficiently small)

1 d2Ez

eM dx2 0. (14)
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The transverse wavenumber u in the bent slab waveguide is obtained as

i+ dr * (15)

Transformation of this equation leads to the effective refractive indices of the
equivalent waveguides (by the virtue of the same assumption as in the case
of TE mode)

<et=<(x)+2nI™, (16)

<ef =nJ(®) + 2nl— . a7

The total change of the refractive indices due to an elastooptie effect (egs.
(5a), (5¢)) is

Anl = (18)
(19)

where:
p »3 2/n 1Y *1 o Phi 1 v/’ (20)
K 1 r 1)

depends only on parameters of the layer with subscript i.

4. Transition loss in bent slab waveguide

As already shown, a slab waveguide with an effective refractive index has the
same properties as a bent slab. The curvature radius of abent slab and the change
of a refractive index profile can be the functions of waveguide length. The mode
coupling theory [7] can be applied to the case of a small change in the refractive
index profile.

The transverse electromagnetic fields components of a slab waveguide having
the effective refractive index can be expressed by a series expansion in terms
of guided and radiation modes

E=  (a@\ 5(ME(r), {22)

H

(«,(*)-M *)H UXx), (23)
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where E,,, H,, are the transverse modal fields and av(z), b,(z) are their «-dependent
mode amplitudes. For simplicity of notation the single summation symbol is
used to indicate both the sum over the guided modes and the sum and integral
over the radiation modes. Substitution of egs. (21) and (22) into Maxwell’s
equations and the use of the orthogonality conditions

+00

(24)

— 00

fead to the system of coupled equations. It is assumed here that there exists
at the beginning of a bend only the fundamental mode and that the curvature
radius B is not too small, thus that there is only a weak coupling between the
lundamental mode and the other modes. By introducing slowly varying mode
amplitudes

(25)

the system of coupled equations can be solved by perturbation theory. A com-
plete set of forward and backward waves can thus be described by

L

(26)

where is the propagation constant of the fundamental mode, /f and q are
the propagation constant and the transverse wavenumber in the substrate
of the radiation mode, respectively.
The coupling coefficient K((3 between the fundamental mode and the ra-
diation mode of order qis given by
+@®
B(z) (AnIENE” + AnlEVOEVe+ANIEZ0EZdX. (27)

Finally, the power contained in the radiation mode at the end of the bend is

P&
(28)

with

(29)
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The power density for the radiation mode isgiven by

N_ = * 1Y[.*"*AN
4dp H,[*|X (/)] L) tQ (30)
Thus, the power loss coefficient of the bent slab waveguide is proportional to
the square of the coupling coefficient. It is interesting to know to what extent
the elastooptic effect in a bent waveguide changes the bending loss if compared
with the expression which ignores the bending strain effect. The coupling coef-
ficient may be written in the following form

K{P) =**(j5)(1-«(/*)), (31)
with
= 'ge(jg)
8¢ Kk(P)9 (32)

where K kdenotes coupling coefficient describing the coupling caused by a change
of the geometrical shape of the waveguide alone and Keis an additional coupling
due to elastooptic effect (compare egs. (12), (18), and (19)). Hence, the elasto-
optic effect causes a (1—s(/3))2fold change of a bending loss. Because the coeffi-
cient s(/?) is positive the loss of a bent slab waveguide is less than in the wave-
guide which has ,,no” elastic strain. Therefore, the-elastooptic effect leads
to the reduction of bending loss by the factor (1 —s)2
For the guided TE mode the coefficient s{(3) is obtained, as

+00

d —d
Pv,i f xEWVOEvedx+pv2 f XEVOEvedx+pM3f XEWEvedx
sp) = ) (33>
|  xXEVOEvedx

and for the guided TM mode, as

»(/>)_ -—+= {J (.Px~x0Mr+Px~"KoK
—d +00 (34>
+ ] (Px,27"x0"™"m,+Px.2xExo™N Jdx+f  (Pt.IXE« Exs+ P*3xE, « <*}.

From the value s = 0.18 obtained for fused silica it can be seen that by
taking account of bending strain a significant modification of the result can
be obtained for mode coupling.
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2nacToonTMYecKnin apheKT B AndparnpoBaHHOM MlaHAPHOM BOJIHOBOAE

B paboTe o06cyBAaeTca BAUSIHME HanpshKeHWN, CyLLeCTBYHOLLee B AudparmpoBaHHOM MiaHapPHOM BOJTHO-
BOJe, Ha CBSA3b MOJ W CBA3AHHYI C 3TVMM MOTEPI0 MOLLHOCTM NPOBOANMbIX MOf. C TOUKM 3peHUs Teopun
ynpyrocTu naaHapHbli BOTHOBOA SBASETCA MAWTON. PacnpefeneHve HanpsokeHWd B AvdparvpoBaHHON
NAnTe BbI3bIBaeT TO, YTO MEPBUYHO U30TPOMHAA cpefa nocsne AudpakuMm CTaHOBUTCA ABYXOCHOW aHWU30-
TPOMHOW cpefoii. BenuurHa aHU30TPONUN He ABNSIETCH MOCTOSHHON, HO M3MEHSIeTCA JIMHEHO B Hanpa-
B/IEHUW MeprneHAVNKYNAPHOM K cnok. [pagveHT Ko3gduumeHTa NpesioMIeHUs Bbi3biBaeT TO, YTO pac-
npocTpaHstoLLeecs Mose guparnpyeTcs B Hanpas/ieHWW, COM/TaCHOM C BO/THOBOLOM. V3 aHanu3a notepu
MOLLLHOCTW Ha W3/My4yeHne NPOBOAMMOM MOfbl, BbI3BaHHON AudpakLumeli BONHOBOAA, CleAyeT, YTO anac-
TOOMTUYECKUA 3PYPEKT B 3HAUUTENLHOW CTENEHW YMeHbLUaeT AM(PaKUMOHHbIE MOTEPU.



