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Object field transformation by a mirror
with a focussing error*
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In the paper the light field transformation in the paraboloidal mirror is considered.
The influence of the focussing error on the image creation is discussed. The dependence
of the field distribution in the image upon the field distribution in the object as well
as the dependence of the image field upon the Fourier-transform of the generalized
pupil function have been shown. The application of the paraboloidal concave mirror
to produce the image holograms has been suggested.

1. Introduction

In an arbitrary optical system the effect of light beam transformation is obser-
ved when passing from the object to image spaces [1]. Such transformation
of the light beams occurs always in the imaging process or n the hologram
recording consisting essentially in recording of the respectively transformed
light fields [2] —to name the most typical cases.

In the present paper the transformation of the object field in the image
light field by a mirror system is discussed and the influence of the focussing
error upon the imaging process examined. The transformed field of this kind
may be exploited for producing the image holograms characterized by the
fact that the object informations are recorded locally. This means that the
wave emitted by the given point is transformed with the help of an optical
system (which was paraboloidal concave mirror in the case considered) and
recorded at the point or in a small region of the recording plane. Due to this
the reconstructed images appear in the plane of hologram or in its vicinity.

The assumption of the relatively small spread of reconstructed images,
allows to reconstruct the wavefront with the help of an extended source of the
white light. Under this condition the image confussion spot is proportional
to the distance between the reconstructed images and the hologram [3].

The figure 1 presents a simple mirror system for making the image holo-
grams with the help of a plane reference wave. If the distance from the object
to the mirror vertex is zx = 2/ (where f is the mirror focal length) then the
distance of the image plane from the mirror vertex amount also to z2= 2/,
and the transversal magnification in the image is M = 1.

* This work was carried on under the Research Project M.R. 1.5.
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Fig. 1. Creation of the image hologram with
the help of a concave spherical mirror

2. Complex amplitude distribution in the image plane

Let us consider a plane object of amplitude transmittance Ux(xIf yX) located
at the distance zx from the vertex of concave paraboloidal mirror. Let the
coherent plane wave fall upon the object in the direction perpendicular to the
axis of the optical system. After passing the object the perturbed light distri-
bution [2] is described by the Fresnel diffraction integral
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In the above expression the constant phase factor has been neglected, k = 2n/A
is the wave number.

Due to the light reflection from the mirror surface the field is transformed
in such a way that the complex amplitude distribution takes the form

U{x,y) = U(x,y)P(x,y)exp [- t ( ® 8+y2J. ()]

The pupil function in the exit pupil plane has the cylindrical form

Poxy) = oyl Y (32)
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and takes the following values
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where D is the diameter of the exit pupil of the system.
After substituting (1) to formula (2) W3 obtain
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By using again the Huygens-Fresnel principle in the image space of the
system we will find the complex amplitude distribution in the observation
plane distant by £2 from the mirror vertex:
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The second term of the expression (5) described by the surface integral in
the aperture diaphragm plane is the Fourier-transform of the generalized pupil
function

F oI

*JF @2+ 22 (6)

3 —Optica Applicata XI/2



226 E. Jagoszewski, H. Podbielska

for the spatial frequencies
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The generalized pupil function takes account of the phase error in the
exit pupil plane, whereby the parameter
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is the measure of the deviation from the ideal imaging and determines the
defocussing error of the light beams creating the image of the examined object.
Thus if A denotes a shift of the observation plane with respect to the Gaussian
image plane, then in accordance to the ideal imaging law

@)
we obtain
1 A
F z2(z2+ A) ©

By taking advantage of the conditions (3b) the Fourier transform of the
generalized function may be put in the form
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up to a constant factor. Here J 1is the Bessel function of the first kind and the
first order. After substituting the above expression to the eq. (5) we obtain the
following form of the complex amplitude of the optical field in the observation
plane
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which is proportional to Fourier transform of convolution of two functions:
the modified object complex amplitude and the sombrero function:
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If the object transmittance is located at the focal plane of the mirror (i.e.
under the assumption that z1=/) we obtain z2=F from eq. (8). Then, the
field distribution in the image focal plane fulfils the condition F =/, and the
phase curvatures in the expression (lib) disappear. This is because we have
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Hence an obvious conclusion follows that the complex amplitude distribution
in the image focal plane of the mirror is a product of two functions: Fourier-
transform of the field distribution in the object focal plane and the pupil function
of the form

P(®.,y.) = cyl(Vai+yl).

3. The effect of the defocussing error on the shape
of complex amplitude in the image

In a particular case when the object transmittance plane is placed at the distance
z1 = 2/ from the mirror vertex the focussing of the paraxial beams occurs
also at the distance z2+ A = 2/, thus fulfilling the condition of ideal imaging
(8b). Nevertheless, the prevailing quantity of light energy of the optical field
reflected from the paraboloidal mirror is focussed outside the Gaussian image
plane. Therefore, the phase curvature depends upon the focussing error in the
following way:
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and the optical field distribution defined by the formula (lib) takes the form
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This means that the complex amplitude of the field in the observation plane
located at the distance = 2f —A from the mirror vertex is proportional to
the Fourier transform of the convolution of two functions: modified object
function and sombrero-function. This transform depends on the focussing error
of the light beams at the observation plane being distant by A from the Gaussian
image plane. The Fourier spectrum frequencies are here as follows

_ X2 _
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Finally, after performing the Fourier transform operation the expression
(12a) takes the form
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where 3F denotes the Fourier transform, and the constant

2(21- A

takes account of the constant factor appearing due to integrating of the expres-
sion (10).

The figure 2 illustrates the beam focussing in the observation planedocated
at the distance A with respect to Gaussian image plane. Under assumption
that the transversal sizes of the diffraction image are equal to the spread caused
by the Fraunhofer diffraction in the Gaussian image plane we obtain

(©x)d = 2;Zi , (14)
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But the transversal sizes of the image spread function in the Gaussian plane
evoked by the defocussing error A are determined as follows (see fig. 2)

_ DbA
B9A= = . (15)

Therefore the image spot area corresponding to an object point is not focussed
around the Gaussian plane point ([1, 4]) but is recorded around the Gaussian
image within the region of sizes determined by the formula

s = [(tog+ftefir. (16)

Fig. 2. The influence of the aperture of the
concave mirror on the light beam focussing.
Point (X2,y'2) is the Gaussian image of the
point (x1,y1)

The above considerations concerning the light beam transformations in a mirror
may be exploited to examination of the image light field in this kind of systems
[5] . When analysing the expressions (5) and (12) a distinct influence of the
focussing error on the complex amplitude of the field in the image space of the
system is easily noticeable. On the one hand, we have a dependence of the
complex image amplitude upon the Fourier-transform of the generalized pupil
function, while on the other one, we, see the relation of this amplitude to the
Fourier-transform of convolution of the modified distribution of the object
field defined by the focussing error and the sombrero-function.
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TpaHcthopMauus NpeaMeTHOro Mofis B 3/IEMEHTAPHON 3epKasibHOMA
cucTeMe ¢ abeppauueil NepedoKycMpoBKM

O6cy>aeHbl NpeoGpaXkeHWsi CBETOBOTO MO/ B 3epKasbHOW napa6onongHoii cucteMe. PaccMOTPeHo BW-
AHYe abeppauuy neped)OKYCUPOBKM Ha co3faHve K306paxeHusi. [MokasaHa 3aBUCMMOCTb pacnpege-
NIeHVs NONst N306PaXKEHNMN OT pacnpefeneHsi Mo Ha NpeaMeTe, a TakKe 3aBUCUMOCTb Mo N306paKeHNs
0T npeo6pazoBaHus Pypbe 0606LEHHOI 3pauKOBO (YHKLUMN. [pesoXkeHo TakXKe UCMOoNb30BaHUE Ma-
pa6onoMAHOro BOFHYTOrO 3epKana A/ CO3AaHUsi roforpamMmm ChoKyCcCUpPOBaHHbIX U306paXKeHWA.



