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Based on the extended Huygens–Fresnel principle, the analytical expressions for the cross-spectral
density function of partially coherent sine-Gaussian vortex beams and partially coherent sine-Gaussian
non-vortex beams propagating through free space and atmospheric turbulence are derived, and
used to study the dynamic evolution behavior of coherent vortices in free space and atmospheric
turbulence. According to the creation, the coherent vortices are grouped into three classes: the first
is their inherent coherent vortices of the vortex beam, the second is created by the vortex beam
itself during transmission process in free space, and the third is created by the atmospheric
turbulence inducing the vortex beam. 
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1. Introduction

Vortex beams have attracted much attention and become one of current research focuses
because of their important applications, such as optical tweezers, optical data storage,
quantum cryptography systems, optical communications and astronomy, etc. [1–7]. As
pointed out by GBUR and TYSON, the topological charge of the vortex beams propaga-
tion through atmospheric turbulence is a robust quantity that could be used as an in-
formation carrier in optical communications [8]. YALONG GU and GBUR have suggested
a possible method for measuring atmospheric turbulence strength using vortex beam [9].
The scintillation index of vortex beam in atmospheric turbulence is experimentally
simulated by CHEN et al. [10]. FANG GUI-JUAN and PU JI-XIONG studied the degree of
polarization of stochastic electromagnetic vortex beams in atmospheric turbulence [11].
Trajectory of an optical vortex has been identified in atmospheric turbulence using nu-
merical simulations by DIPANKAR et al. [12]. LÜ BAI-DA and LI JIN-HONG analyzed the
influence of atmospheric turbulence along an uplink path and a downlink path on co-
herence vortex; it is shown that the infulence of atmospheric turbulence on Gaussian
–Schell model (GSM) vortex beam propagation is smaller along a downlink path than
that along an uplink path, and the distance of topological charge conservation for
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GSM vortex beam is longer along a downlink path than that along an uplink path [13].
However, the work mentioned above did not refer to the creation classification of co-
herent vortices. In this paper, taking the partially coherent sine-Gaussian (SiG) vortex
beams as an example of partially coherent vortex beams, we have studied the dynamic
evolution and classification of coherent vortices in the free space and atmospheric tur-
bulence. 

2. Theoretical formulation

The initial field of a SiG vortex beam at the plane z = 0 reads as

(1)

where s ≡ (sx , sy) is the two-dimensional (2D) position vector, w0 denotes the waist
width of the Gaussian part, Ω 0 is the parameter associated with the sine-part, where
Ω 0 ≠ 0 because E(s, z = 0) = 0 if Ω 0 = 0, sgn(·) specifies the sign function, m is the
topological charge, and in following we take m = ±1. 

By introducing a Schell-correlator [14], the cross-spectral density function of
the partially coherent SiG vortex beams at the source plane z = 0 is expressed as 

(2)

where si ≡ (six , siy) (i = 1, 2) is the 2D position vector at the source plane z = 0, σ0 de-
notes the spatial correlation length, and ± corresponds to m = ±1.

In accordance with the extended Huygens–Fresnel principle [15], the cross-spectral
density function of partially coherent SiG vortex beams propagating through atmos-
pheric turbulence is given by 

(3)

where ρ1 and ρ2 denote the position vector at the z plane, k is the wave number related
to the wavelength λ by k = 2π /λ,  denotes the average over the ensemble of the tur-
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bulence medium. It is worth mentioning that a quadratic approximation of Rytov’s
phase structure function [16] is used in Eq. (3), which can be written as

(4)

where  denotes the spatial coherence radius of a spherical
wave propagating through turbulence and  denotes the structure constant, Eq. (4)
is accepted to be valid not only for weak fluctuations but also for strong ones [17–19].

To simplify the calculation, introducing two variables of integration μ = (s1 + s2)/2,
ν = s1 – s2, and recalling integral formula [20]

(5a)

(5b)

(5c)

substituting Eqs. (2) and (4) into Eq. (3), we obtain the cross-spectral density function
of partially coherent SiG vortex beams propagating through atmospheric turbulence
as follows:
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According to the symmetry, By , Dy , Ey , Iy , Fy , Gy and Jy can be obtained by replace-
ment of ρ1x and ρ2x in Bx, Dx, Ex, Ix, Fx, Gx and Jx with ρ1y and ρ2y ; M2 and M4 can be
obtained by replacement of Ω0 in M1 and M3 with –Ω0; ± in M1 and M3 corresponds
to m = ±1, respectively.

For  Eq. (6) reduces to the cross-spectral density function of partially co-
herent SiG vortex beams in free space, which is expressed as 

(8)
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For m = 0, Eq. (1) reduces to the filed of an SiG non-vortex beam at the z = 0, which
is written as

(9)

Similarly, we can obtain the cross-spectral density function of partially coherent
SiG non-vortex beams propagating through atmospheric turbulence as follows:

 (10)

where

(11a)

(11b)

parameters  and  can be obtained by replacing Ω0 in  and  with –Ω0.
Obviously, for  Eq. (10) reduces to the cross-spectral density function of par-
tially coherent SiG non-vortex beams propagating through free space.

The spectral degree of coherence is defined as [21]

(12)

where I (ρi, z) = W(ρi, ρi, z) (i = 1, 2) stands for the spectral intensity of the point (ρi, z).
The position of coherent vortices is determined by [22]

(13a)

(13b)

where Re and Im denote the real and imaginary parts of  respectively.
The sign of coherent vortices are determined by the vorticity of phase contours around
singularities [23].

3. Numerical calculations and analyses

Figure 1 gives curves of Re(μ ) = 0 (solid curves) and Im(μ ) = 0 (dashed curves) of
partially coherent SiG non-vortex beams (a–c) and partially coherent SiG vortex
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beams (d–f ) propagating through free space at the propagation distance z = 0.5, 1.5
and 5 km, the abscissa represents ρ2x direction, ordinate represents ρ2y direction, and
their units are cm. The calculation parameters are λ = 1.06 μm, w0 = 5 cm, σ0 = 3 cm,
m = +1, Ω0 = 30. Figures 1a–1c indicate that there never exists an intersection point
for curves of Re and Im of partially coherent SiG non-vortex beams propagating through
free space, namely no coherent vortex occurs. Figures 1d–1f  show that there exist
intersection points (coherent vortices) for curves of  Re and Im of partially coherent
SiG vortex beams propagating through free space. For example, there is a coherent
vortex at z = 0.5 and 1.5 km, respectively, whose positions are (–0.399 cm, –0.484 cm)
and (–0.025 cm, –1.309 cm), and two coherent vortices take place at z = 5 km which
are located at (–3.078 cm, –3.959 cm) and (1.594 cm, 13.611 cm). Therefore, coherent
vortices are created when partially coherent SiG vortex beams propagate through free
space.

Figure 2 gives curves of Re(μ) = 0 (solid curves) and Im(μ) = 0 (dashed curves) of
partially coherent SiG non-vortex beams (a–c) and partially coherent SiG vortex
beams (d–f ) propagating through atmospheric turbulence at the propagation distance
z = 0.5, 1.5 and 5 km, where = 10–14 m–2/3, and the other calculation parameters
are the same as in Fig. 1. From Figs. 2a–2c we can see that there exists no coherent
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vortex for partially coherent SiG non-vortex beams propagating through atmospheric
turbulence. Figures 2d–2f indicate that coherent vortices are created when partially
coherent SiG vortex beams propagate through atmospheric turbulence, and the num-
bers of coherent vortices will increase with the gradual increment of the propagation
distance. From Figs. 1 and 2 we find that the propagation of partially coherent SiG
non-vortex beams will not create coherent vortices in both free space and atmospheric
turbulence. In contrast, for partially coherent SiG vortex beams, coherent vortices are
observed in both free space and atmospheric turbulence, thus we come to a conclusion
that the creation of the coherent vortex depends on the vortex beams. 

Figure 3 gives the position of coherent vortices of partially coherent SiG vortex
beams propagating through free space and atmospheric turbulence versus the propa-
gation distance z, and the illustrations give the contour lines of the phase which cor-
responds to the coherent vortices. The other calculation parameters are the same as in
Fig. 2. From Figs. 3a and 3b, we can see that at the beginning there is only one coherent
vortex (being marked as no. 1) whose topological charge is +1 for partially coherent
SiG vortex beams propagating through free space, then a new coherent vortex (no. 2)
occurs at z = 1.75 km whose topological charge is –1. The difference between the two
coherent vortices is that no.1 is inherent coherent vortex of the vortex beam which
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exists at the source plane z = 0, whereas, no. 2 is created when partially coherent
SiG vortex beams propagate through free space. From Figs. 3c and 3d we see that
there also exist no. 1 and no. 2 coherent vortices which are similar to that in Figs. 3a
and 3b for partially coherent SiG vortex beams propagating through atmospheric tur-
bulence. In addition, two pairs of coherent vortices marked as nos. 3, 4, 5 and 6 are
created at z = 3 and 4.5 km.

From Figures 1 to 3 it is shown that the coherent vortices are grouped into three
classes according to the creation: the first are their inherent coherent vortices of
the vortex beam, as suggests no.1 coherent vortex in Fig. 3; the second is created by
the vortex beam itself during transmission process in free space, as show no. 2 coherent
vortices in Fig. 3; the third is created by the atmospheric turbulence inducing the vortex
beam, namely, the coherent vortex is the outcome of the combination of the vortex
beam with the atmospheric turbulence, as show nos. 3–6 coherent vortices in Figs. 3c
and 3d.
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4. Conclusion

In this paper, by using the extended Huygens–Fresnel principle, the analytical expres-
sions for the cross-spectral density function of partially coherent SiG vortex beams and
partially coherent SiG non-vortex beams propagating through free space and atmos-
pheric turbulence have been derived, and used to study the evolution behavior of co-
herent vortices through free space and atmospheric turbulence, which is useful for us
to classify the coherent vortices. We find that the creation of the coherent vortex de-
pends on the vortex beams, and the coherent vortices are grouped into three classes
according to the creation: the first is their inherent coherent vortices of the vortex beam;
the second is created by the vortex beam itself during transmission process in free
space; and the third is created by the atmospheric turbulence inducing the vortex beam.
These results have potential applications in optical vortex communication systems.
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