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In this paper, a simple analytical model for the Gaussian’s peak response part of the timing jitter 
of single photon avalanche diodes (SPADs) is proposed using Fourier series in the multiplication 
time calculation. The multiplication time characterizes avalanche multiplication process speed in 
which low multiplication time suggests a swifter response time and a higher avalanche speed. This 
paper presents an analytical solution which results in a more accurate multiplication time. The mod-
el is verified for SPADs implemented in 0.15 and 0.18 μm standard CMOS process, and the accu-
racy of the proposed analytical method in full-width at half-maximum (FWHM) calculation is 
improved by 25% and 5% with respect to the numerical model, respectively. 

Keywords: analytical model, Fourier series, multiplication time, timing jitter. 

1. Introduction 

Single photon avalanche diode (SPAD) detectors are promising replacements to photo-
multiplier tubes due to excellent timing resolution, low dark noise and simple integra-
tion in large arrays [1–5]. Due to sub-nanosecond timing resolution and high quantum 
efficiency, SPADs are suitable for a variety of applications such as fluorescence life-
time imaging, positron emission tomography and time-resolved near-infrared spectros-
copy [6–8]. 

The amount of uncertainty in the time accuracy of photon detection is termed as 
timing resolution or timing jitter [9]. An experimental setup is described in [9,10] to 
study timing jitter properties, in which the time delay between the optical signal emis-
sion which is calibrated by the laser output trigger and photon detection is measured. 
In fact, jitter is calculated by full-width at half-maximum (FWHM) measurement of 
the time difference histogram [11]. The timing jitter characteristic itself is composed 
of two different parts: Gaussian’s peak and the tail parts [12]. It should be noted that, 
temporal response of the absorbed photon in the depletion region of SPAD exhibits 
a Gaussian’s shape peak for timing jitter characteristic [12]. 

Several studies could potentially model the avalanche breakdown process using 
Monte Carlo’s based models in which two main carrier scattering mechanisms, includ-
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ing intervalley phonon scattering and impact ionization are used for describing the car-
rier transport processes [13,14]. However, using Monte Carlo’s based model for timing 
jitter modeling is time consuming and complex due to considering an effective para-
bolic valley for both electrons and holes band structures [15]. To overcome these prob-
lems, a number of analytical studies are performed to directly calculate the timing jitter 
characteristic by solving the two-dimensional avalanche current equation [12,16]. How-
ever, in these models, the multiplication time is numerically calculated [12,16]. As 
a result, this approach was unable to accurately describe the multiplication time. 

In this paper, a simple analytical model is proposed for Gaussian’s peak response 
part of timing jitter in which the multiplication time is calculated using Fourier series. 
The proposed approach is an analytical solution as compared to previous model pre-
sented in [12] which calculates the multiplication time using numerical integration. 

This paper is ordered as follows. In Section 2, the device structure and physical 
mechanisms involved in the timing jitter modulation are described. Section 3 explains 
model derivation of the Gaussian’s peak response part of timing jitter, using a two-di-
mensional carrier spreading mechanism. In Section 4, device simulation setup, simu-
lated ionization rates of electrons and holes, electric field and avalanche triggering 
efficiencies of carriers are described. The validation of the proposed model for timing 
jitter with measurements result is presented in Section 5, and Section 6 presents a sum-
mary of the paper. 

2. Device structure and physical mechanism 

Figure 1 shows the cross-sectional view of a typical p+/n-well SPAD [17]. The deple-
tion region of a p+/n-well junction in x-direction is defined starting from the upper 
boundary of the depletion region W1 to bottom boundary of depletion region W2, as 
shown in Fig. 1. SPADs operate at an excess bias voltage Vex above the diode break-
down voltage. Under the excess bias condition, when a photogenerated carrier reaches 
the avalanche multiplication region, the strong electric field causes impact ionization. 
Also, the generated free carrier can diffuse in y-z plane, finally causing an avalanche 
by diffusion-assisted avalanche spreading [12]. It should be noted that timing jitter 

Fig. 1. The cross-sectional view of the p+/n-well SPAD. 



241 SPAD timing jitter modeling using Fourier series 
 
     

  
   

    

 

  
  

 
  

  
     

    
   

   

   
    

   
  

 

 
 

-- -

-
-

-

characteristic is composed of the photon detection delays in different regions. The de-
lay of photon detection in the depletion region contributes to a Gaussian’s peak of the 
timing jitter characteristic [9,12]. In addition, photon absorption can occur in both un-
depleted top p+ layer and undepleted bottom n-well layer (named as quasi-neutral re-
gions). The generated minority carriers in the quasi-neutral regions may reach to the 
depleted region by diffusion mechanism, leading to avalanche breakdown triggering. 
These carriers determine the exponential tail in the timing jitter characteristic [12,16]. 

3. Gaussian peak’s modeling 

The operation principle of the SPAD relies on the avalanche breakdown triggering, in 
which electron-hole pairs drift and diffuse in the depletion region in different y-z po-
sitions. According to the two-dimensional carrier spreading mechanism, the current 
continuity equation can be expressed by [12] 

d I I--------- = ----- + D2I (1)
d t τ 

where, τ is the multiplication time, which is responsible for the avalanche multiplica-
tion process speed. I is the avalanche current and D is the transverse diffusion coeffi-
cient. A simplified first-order expansion for calculating τ is [12] 

τ
τ = ----------------------i----------------- (2)

n--------- Fb – F mFb 

where, Fb is the electric field at the breakdown voltage and Fm is the maximum electric 
field of the pn junction. The maximum electric field depends on the diode excess bias 
voltage and depletion layer thickness. n is the device structure dependent fitting param-
eter, which is between 1 and 4 for a Si-based device [18]. τi is the intrinsic response 
time for carriers drift at saturated velocity. The intrinsic time with respect to a correct 
quasistatic approximation analysis for avalanche breakdown triggering, is given by [19] 

1 
 

W2
τ = --------------------------- exp –  

W2 
α β– dx' d x (3)i v + vn p 0 x 

Here, vn and vp are the electron and hole saturated velocities, α and β are the ionization 
coefficients for electrons and holes, respectively. In previous models of [12,16] the 
ionization coefficients used in Eq. (3) were computed numerically. In contrast, in this 
section, a new analytical method is proposed to calculate the integrating factor 

exp –  
W2 
α β– dx' . In this method, Eq. (3) gives the multiplication time by solving 

x 

the integrating factor using Fourier series. First, the ionization rate difference between 
electrons and holes as function of depth is extracted from simulation result and it is 
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assumed that α-β is a periodic function with period of W2. Then, Fourier series rep-
resentation converges to α-β function on the interval 0 ≤ x ≤ W2. 

exp –  
W2 
α β– dx' 

x 

 

= exp 

–  

W2 

x 
 

 2πnx  2π nx   + a cos ----------------- + b sin ---------------a0 n n  T   T  
n = 1 

 

dx'
 

, 0 ≤  x ≤ W2
 
 

(4) 

where, an and bn are the Fourier coefficients; n is the number of cycles of the harmonic, 
which is considered as 3 to compute the Fourier series and T is α-β period. 

a1 a2 a3 
exp –  

W2 
α β– dx' = exp –a0x – ------- sin ωx – --------- sin 2ωx – --------- sin 3ωx ω 2ω 3ωx  

W2b1 b2 b3 
+ --------- cos ωx + ---------- cos 2ωx + --------- cos 3ωx ω 2ω 3ω x  

(5) 

Here, ω = 2π/T. Since, the avalanche current flow is assumed along the electric field 
direction (x-direction), thereby to solve Eq. (1) the boundary conditions are as follows: 
Iy (0) = Iy(Ly) = 0 and Iz(0) = Iz(Lz) = 0. As a result, the avalanche current in different 
y-z positions is derived [12]. 

 

I t   =  I0 exp
 

--
τ 
--t- – Dt 

m n  = 1 

2 2n π m π   ---------- + ----------- Ly 
  Lz 

 


sin----
n 
--
π
----

y
--- sin----m-----π-----z  (6)  L   L  y z 

where, I0 represents the initial current, Ly is the depletion region width and Lz is the 
depletion region length. t is the avalanche buildup time which is the time needed for 
current to reach the threshold value level of 100 μA at different positions on the y-z 
plane [12]. By extracting the avalanche buildup time from Eq. (6) corresponding to 
600 different photon impinging positions, the standard deviation σ and meantime μ 
used in analytical Gaussian’s peak modeling are calculated. 

1 N 
2σ = ------- ti – μ  (7)

N  
i = 1 

Here, N is the number of samples. The next step, for timing jitter histogram derivation 
is photon detection efficiency (PDE) calculation which is [17] 
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PDE =  
W2 
α exp –α x Ppair  x dx (8) 

0 

where, Ppair (x) is the total avalanche triggering efficiency that either an electron or hole 
causes an avalanche event at different positions on the y-z plane. αexp(–αx) is the prob-
ability of photon’s absorption in x-direction, here α is the absorption coefficient, which 
is wavelength dependent. Finally, the analytical model for Gaussian’s peak response 
is given by [12] 

2–t – μ 
G μ σ t  = PDE exp    (9)

22σ 

4. Device simulation and discussions 

The main parameters, such as avalanche triggering efficiencies of electrons and holes, 
ionization rates of carriers and electric field used in the proposed model are obtained 
from simulation results using a commercially available device simulator [20]. This sim-
ulation is based on 0.15 μm standard CMOS process in which electric field dependent 
mobility (FLDMOB), Shockley–Read–Hall (SRH) recombination, impact ionization 
and Geiger mode are considered. Figure 2 shows I–V characteristic of introduced de-
vice in [17] which is verified with the mentioned simulation setup. The simulated 
breakdown voltage is about 16 V at room temperature, which is close to the measured 
result of 16.1 V [21]. 

Fig. 2. Simulated I–V characteristic of p+/n-well SPAD implemented in 0.15 μm standard CMOS process. 

In Fig. 3 the variations of electric field as a function of depth at different excess 
bias voltages are shown. Peak value of the electric field is near the upper boundary of 
depletion region W1 which is responsible for high ionization rate. In Fig. 4, the elec-
trons and holes ionization rates are shown, in which ionization rates are enhanced with 
increase in the excess bias voltage. Due to the higher ionization rate of electrons in 



244 K. EYVAZI, M.A. KARAMI 
 
  

 
    

Fig. 3. Simulated electric field at different excess bias voltages. 

Fig. 4. Electron and hole ionization rates at different excess bias voltages. 

comparison with holes ionization rate, electrons are the main carriers causing ava-
lanche current. 

The avalanche triggering efficiencies of electrons and holes at different excess bias 
voltages are shown in Fig. 5. It can be seen that the triggering efficiency for electron 
reaches to a maximum of 0.67 at the upper boundary of depletion region and decreases 

Fig. 5. Simulated avalanche triggering efficiency of carriers at different excess bias voltages. 
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to zero at the bottom boundary of depletion region. The avalanche triggering efficien-
cies of electrons and holes remain constant, in the quasi-neutral regions due to the neg-
ligible electric field in the mentioned regions [17]. 

5. Model validation and discussions 

Figure 6 shows Fourier series representation of α-β function which has the period of W2. 
This figure illustrates, for n = 3, the Fourier series converges to α-β on the interval 
0 ≤  x ≤ W2 which results in a more accurate multiplication time. Unlike presented mod-
els in [19,22], Fourier series result includes the dependence of the ionization coeffi-
cients of carriers inside the depletion region depth position. 

Fig. 6. Fourier series converging to the simulated ionization coefficients of carriers α-β. 

To compare both analytical and numerical methods output accuracies, trapezoidal 
method is used for numerical integration. In Table 1 multiplication time and intrinsic 
time are calculated using Fourier series and trapezoidal numerical integration for 
SPAD implemented in 0.15 μm standard CMOS process. The accuracy of the proposed 
approach to calculate the timing jitter depends on the multiplication time. The differ-
ence between the calculated multiplication time from Fourier series and numerical in-
tegration produces the deviation in the FWHMs. In comparison with numerical 
method, the calculated FWHM of 101 ps using the proposed method is close to the 
measured result of 92 ps from [21] at Vex = 3.5 V, as shown in Fig. 7. Hence, the pro-
posed analytical method’s accuracy in the FWHM calculation is improved by 25% with 
respect to the numerical method. It should be noted that, the simulated SPAD in this 

T a b l e 1. The calculation results of both methods. 

Technology 
0.15 μm CMOS 
(at Vex = 3.5 V; n = 1.8) 

Calculated intrinsic time using Fourier series 1.9 ps 

Calculated intrinsic time using numerical method 2.2 ps 

Calculated multiplication time using Fourier series 9 ps 

Calculated multiplication time using numerical method 13 ps 
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Fig. 7. The timing response of SPAD implemented in 0.15 μm standard  CMOS process  in [21]  at the  
photon wavelength of 470 nm. 

paper and fabricated SPAD in [21] show identical breakdown voltage, indicating sim-
ilar doping profiles. 

Moreover, the proposed model is validated for SPAD based on 0.18 μm  standard  
CMOS process introduced in [12]. For absolute comparison between the proposed 
method and previous numerical method presented in [12], the main parameters such 
as avalanche triggering efficiencies of electrons and holes, ionization rates of carriers 
and electric field used in the proposed model are extracted from [12] at Vex = 0.5  V.  
Finally, multiplication time and intrinsic time from numerical method and Fourier se-
ries are shown in Table 2. Figure 8 shows FWHM of 105 ps using the proposed method 

T a b l e 2. The calculation results of both methods. 

Technology 
0.18 μm CMOS 
(at Vex = 0.5 V; n = 1.5) 

Calculated intrinsic time using Fourier series 1.2 ps 

Calculated intrinsic time from [12] 1.32 ps 

Calculated multiplication time using Fourier series 30 ps 

Calculated multiplication time from [12] 33 ps 

Fig. 8. The timing response of SPAD based on 0.18 μm standard CMOS process in [12] at the photon 
wavelength of 450 nm. 
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is close to the measured result of 100 ps. According to this figure, the proposed ana-
lytical method FWHM calculation improves the accuracy by 5% with respect to the 
previous numerical method. 

6. Conclusion 

A simple analytical model for Gaussian’s peak response part of the timing jitter char-
acteristic of SPAD is proposed using Fourier series in the multiplication time calcula-
tion. In comparison with previous method, this approach calculates the multiplication 
time more accurately. Finally, the developed analytical model is validated by the cal-
culated Gaussian’s peak response part of timing jitter characteristic and the reported 
measured results for different SPADs. 
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