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The effect of anisotropic atmosphere turbulence on propagation characteristics of an electromag-
netic twisted Gaussian Schell-model array (EM TGSMA) beam is investigated. An analytical ex-
pression for the cross-spectral density function of such beam propagating through anisotropic 
turbulent atmosphere is derived and used to explore the evolutionary behavior of the spectral in-
tensity, degree of polarization (DOP) and degree of coherence (DOC). An example illustrates the 
fact that twisted strength and anisotropic turbulent factors have an important impact on the behavior 
of spectral density, DOC and DOP, in particular. The rotation angle of the array beams can also be 
controlled by adjusting twisted strength. Furthermore, strong anisotropic turbulence was also found 
to cause significant mergence of the array beams. Our results might be beneficial for free-space 
communications of the partially coherent beams endowed with twist. 

Keywords: partially coherent, array beams, twist phase, anisotropic atmosphere turbulence, propagation 
properties. 

1. Introduction 

Since SIMON and MUKUNDA introduced a twist phase concept and imparted such phase 
to a Gaussian Schell model (GSM) beam [1], the GSM beam due to its potential appli-
cations has been widely investigated. A twist phase differs from the customary quadratic 
phase factor in many aspects. It exists only in partially coherent beams [1,2] and has 
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an intrinsic chiral or handedness property. Thus, a beam with twist phase has orbital an-
gular momentum and it induces a rotation of beam spots on propagation [3–5]. The recent 
results showed that orbital angular momentum of electromagnetic Gaussian Schell-mod-
el (EGSM) beam with twist phase closely depends on its twisted strength and degree 
of polarization in the source plane [6]. In Ref. [7], experimental observation of the 
twisted Gaussian Schell-model (TGSM) beam was reported. Since then, a variety of 
theoretical models and experimental schemes have been proposed to create new beams 
with twisted phrase [8–11]. It has been confirmed that the twisted phase play an im-
portant role in optical imaging, optical trapping and optical communications [12–14]. 

In order to realize the further utilization of laser beams in the fields of remote sens-
ing, imaging and wireless information transmission [15–17], it is necessary to inves-
tigate the propagation characteristics of laser beams in random medium such as 
turbulent atmosphere and ocean. These researches contain the spectral changes, inten-
sity and coherent properties of stochastic light beams [18–20], scintillation of various 
beams types [21,22], the bit error rate (BER) evaluations [23,24], the spreading and 
propagation factor of partially coherent beams [25,26], etc. Besides, the latest findings 
about stratospheric turbulence showed that atmosphere turbulence will also be aniso-
tropic due to the earth’s rotation [27–30]. It is well known that, in anisotropic turbulence, 
the physical parameters behave differently compared to the behavior in isotropic turbu-
lence. Thus, it also becomes a particularly good topic to explore properties of laser 
beams propagating in anisotropic atmosphere turbulence. 

On the other hand, the array distribution field deserves also more attention of re-
searchers due to the wide applications in multiple fields including holographic optical 
tweezers [31], particles trapping [32], phonic lithography [33,34], etc. Compared with 
the single beam, the source size of coherent array beams diverges less, and can produce 
higher output power and lattice-like intensity distribution [35]. Recently, WAN and ZHAO 

presented a new kind of array beam with twist phase termed as twisted Gaussian Schell 
-model array (TGSMA) sources [36], whose spectral density and spectral degree of co-
herence can gradually rotate along its propagation direction. The properties of an electro-
magnetic twisted Gaussian Schell-model array (EM TGSMA) beam in free space were 
discussed [37]. However, the properties of the EM TGSMA beam propagating through 
anisotropic atmosphere turbulence have not been reported yet. 

In this paper, we focus on changes of an EM TGSMA beam through anisotropic 
atmosphere turbulence. An analytical expression for describing the cross-spectral den-
sity function of such beam propagating through turbulent atmosphere will be derived 
based on the extended Huygens–Fresnel integral. By means of the obtained theoretical 
results, the effect of the twisted strength and anisotropic atmosphere turbulence on the 
EM TGSMA beam will be studied in detail. 

2. Description of the anisotropic atmosphere power spectrum 

It is known that atmosphere turbulence will be anisotropic owing to the earth’s rotation. 
To simplify the matter, the anisotropy of turbulence eddies is assumed to exist only in 
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the propagation direction of the beam [38], and the horizontal extension of turbulence 
eddies is different from the vertical one. After considering anisotropy of atmospheric 
turbulence, anisotropic spectrum of atmosphere turbulence can be written as [30] 

0.033C2 μ μn x yφn κ = ------------------------------------------------------------- (1)
11/62 κ2 2 κ2 2 μ + μ + κ x x y y z 

2 –2/3here Cn is a generalized structure constant of the refractive-index with units m . 
2 κ2 2 κ2 2 1/2κ =  μ + μ + κ  denotes the spatial frequency of atmosphere turbulent fluc-x x y y z 

tuation along three orthogonal directions. And κz are spatial frequency components 
along three orthogonal directions in Markov approximation, κz (i.e. the z component 
of κ ) can be ignored. µx  and µy are the anisotropic factors along x- and y-direction, 
respectively. Without loss of generality, µx  ≠ µy , and thus, if propagation is in the 
z-direction, the orthogonal xoy-plane will no longer be circularly symmetric (i.e. iso-
tropic). This may lead to different statistical values in the horizontal and vertical trans-

Fig. 1. Plot of the anisotropic spatial power spectrum φn(κ ) for several values of µx and µy . The color bar 
is the value of spacial power spectrum, the vertical and horizontal axes denote spacial frequency in three

2 –2/3different directions, the units are m–1.The turbulent structure constant Cn  = 10–14 m . 
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verse directions. However, for µx = µy = 1, Eq. (1) reduces to the conventional isotropic 
Kolmogorov spectrum. Because the spectrum is anisotropic we have to predict more 
accurately the behavior of turbulence when dealing with beam propagation. The cal-
culated anisotropic spatial power spectra for different values of µx and µy are shown 
in Fig. 1. From Fig. 1(a)–(d), it can be seen that the anisotropic factors µx and µy have 
a very significant effect on distribution of spatial power spectrum. As anisotropic fac-
tors µx and µy increase, the spatial power spectrum intensity becomes larger, the spatial 
frequency scale of turbulent fluctuations increases, and the anisotropic effect of spatial 
power spectrum becomes more and more obvious. 

3. Propagation of an EM TGSMA beam 
in anisotropic atmosphere turbulence 

Based on the unified theory of coherence and polarization for a random partially co-
herent electromagnetic beam [39], in the Cartesian coordinate system, the element of 
cross-spectral density matrix (CSDM) of an EM TGSMA beam at source plane z = 0 
can be expressed as [37] 

2 2 2 2 x1 + x2   y1 + y2  x1 – x2
2  y1 – y2

2 

Wi j  r1 r2 = exp–------------------- exp–------------------- exp – -------------------------- exp – --------------------------
2 2 2 2 4σ   4σ  4δ 4δ1 i j  2 i j  1 i j  2 i j  

P Q 

cos C1 i j x1 – x2 cos C2 i j  y1 – y2   
n1 = –P n1 = –Q 

 exp –iui j x1 y2 + iui j  x2 y1  , i j  = x y  

(2) 

where r1 = (x1, y1) and r2 = (x2, y2) are arbitrary two-dimensional position vectors; 
σ1i j  and σ2i j  denote the beams width, ui j  is the twisted strength, P = (N1 – 1) /2 and 
Q = (N2 – 1) /2, N1 and N2 are positive integrals which determine the number of array 
lobes; C1i j  = 2πn1 R1 /δ1i j , C2i j  = 2πn2 R2 /δ2i j , R1, R2, and δ1i j , δ2i j  are coherence pa-
rameters. In the presence of a turbulence medium, employing the extended Huygens 
–Fresnel integral in the paraxial form, the element of CSDM of an EM TGSMA beam 
during propagation can be presented as following 

Wi j  ρ1 ρ2 z = ------k------- Wi j r1 r2exp
2π z  

 ρ – r1
2 –  ρ – r2

2 
1 2– ik ----------------------------------------------------------

2z 

*  exp ψ ρ 1 r1 + ψ  ρ2 r2Rdr1dr2 (3) 

where k = 2π/λ denotes wave number, λ is the wavelength, ψ stands for the complex 
phase perturbation caused by the medium,  ꞏ R implies averaging over the ensemble 
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of statistical realizations of the turbulence. Under quadratic phase approximations, 
 ꞏ R  can be rewritten as 

 exp ψ ρ  r1 + ψ* ρ  r2 R 1 2 

 π2k2z 
 

2 2= exp----------------- κ3φn κ d
3
κ ρ 1 – ρ2 +  ρ1 – ρ2r1 – r2 + r1 – r2  

 3  
0 

(4) 

where φ (κ ) is the spatial power spectrum of refractive-index fluctuation representingn 
the anisotropic atmosphere characteristics. By substituting Eqs. (2) and (4) into Eq. (3) 
and performing mathematical calculation, we can obtain following expressions for 
each element of the cross-spectral density matrix of the EM TGSMA beam through 
anisotropic atmosphere turbulence 

π2 Ei j
 ρ  ρ  z = ------------

2
-------------------------------------------------- expWi j  1 2 

16λ z2σ1 i j  a1 i j  bi j  ci j  di j  

P Q 

2 2ik ρ – ρ 1 2– ------------------------------
2z 

with 

A B C D+ +  +     
n = –P n = –Qx y 

(5) 

A = exp 
2 2 2iui jX1 i j + Fi j + 1  --------------- + ------------- + --------- – ----------Y1 ij+ - Fij+ a1 i j  bi j  ci j  2bi j  

21 mi j + --------- γ – η – ------------- +i j  X1 i j+ i j  X2 ij+ Y1 i j+ Y2 i j+ di j  2ci j  
(6a) 

B = exp 
2 2 2iui jX1 i j – Fi j – 1  --------------- + ------------ + --------- – ----------Y1 i j– - Fij– a1 i j  bi j  ci j  2bi j  

21 mi j + --------- γ – η – ------------- +i j  X1 i j– i j  X2 i j– Y1 i j– Y2 i j– di j  2ci j  
(6b) 

C = exp 
2 2 2iui jX1 i j + Fi j + 1  --------------- + ------------- + --------- – ------------- Fij+Y1 i j– a1 i j  bi j  ci j  2 bi j  

21 mi j + --------- γ – η – ------------- +i j  X1 i j+ i j  X2 i j+ Y1 i j – Y2 i j – di j  2ci j  
(6c) 
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2 2 2X1 i j – Fi j – 1  iui j  D = exp --------------- + ------------- + --------- Y1 ij+ – ----------- Fij– a1 i j  bi j  ci j  
 2 bi j  

 

1  mi j  
2 

+ --------- – – ------------- Y1 i j+ +γi j X1 i j– ηi j X2 i j– Y2 i j+di j  2 ci j  

and 

Eij = 1, i = j 

Eij = 0,  i j 

i k x1 ' = ----- ----------- X1 i j ± 2 
 

z
C1 i j

 

k x2 '  = ----- ------------ X2 i j ± 2 
i 
 z

C1 i j 

k y1 ' = ----- ---------- Y1 i j ± 2 
i 

 

z
C2 i j

 

k y2 '  Y2 i j ± = -----i  -----------  C2 i j2 z 

ξ1 i j  X1 i j ± 
= – -------------------------Fi j ± X2 i j ± a1 i j  

π2 k2 z  

M z  = ----------------- κ 3 φ  κ d3 κn3 
0 

1ξ1 i j  = ------------- 2  M z–  
2δ1 i j  

1ξ2 i j  = ------------- 2– M z 
2δ2 i j  

1 1 ik= --------------- + - + --------- – M z  , i j  = --------------     x ya1 i j  2 24 σ1 i j  2 δ1 i j  
2 z 

1 1 ik--------------- + --------------- – --------- – M z , i j =  a2 i j  2 2 
=

4 σ2 i j  2 δ2 i j  
2 z 

x y  

ξ1 i j   z
* = – ---------------------bi j  a1 i j  4 a1 i j  

(6d) 

(6e) 

(6f) 

(6g) 

(6h) 

(6i) 

(6j) 

(6k) 

(6l) 

(6m) 

(6n) 

(6o) 

(6p) 

(6q) 
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1 1 ik ui j  
2 

= --------------- + --------------- + --------- + ------------- (6r)ci j  2 24σ2 i j  2δ2 i j  
2z 4bi j  

2 2 ξ 2 2ui j  ui j  1 i j  mi j*di j  = a2 i j  + --------------- + -------------------------- – ----------- (6s)
4a1 i j  16a1 i j  bi j  4ci j  

iui j   ξ1 i j  mi j  η = ------------- ----------- – --------- (6t)i j  4bi j   a1 i j  ci j   

γi j  = --------1-------iui j  + ηi j  ξ1 i j   (6u)
2a1 i j  

2 ξui j  1 i j= ξ + ----------------------- (6v)mi j  2 i j  4a1 i j  bi j  

Equations (5) and (6) can be considered as a general analytical expression of the 
CSDM for the EM TGSMA beam. For N1 = N2 = 1, it would reduce to the propagated 
CSDM for the EM TGSM beam. Using Eqs. (5) and (6), one can study the statistical 
properties of such EM TGSMA beam on propagation. Setting ρ1 = ρ2 = ρ, the average 
intensity for the EM TGSMA beam propagating in anisotropic atmosphere turbulence 
can be expressed as [19,20,37] 

S ρ z = W ρ ρ z + W ρ ρ z (7)      xx y y  

the degree of polarization (DOP) of the beams with uncorrelated beams components 
can be calculated by the expression 

W ρ ρ z – W       ρ ρ zxx y yP ρ z = -------------------------------------------------------------------------- (8)
W ρ ρ z + W       ρ ρ zxx y y  

the degree of coherence (DOC) at a pair of points ρ1 and ρ2 generally is given by 

W ρ  ρ  z
μ ρ  ρ  z = ------- -- -- -- -- --1 -- --2-- -- -- --- -- ----- (9) --------- -- -- -- -- -- -- -- -- -- -- -- --1 2 

W ρ  ρ  zW ρ  ρ  z1 1 2 2 

4. Numerical results and discussions 

In the this section, we choose the common laser with wavelength λ = 0.632 μm as 
an example to numerically examine the behavior of the EM TGSMA beam propagating 
in anisotropic atmosphere turbulence. The other global parameters used in the follow-
ing calculations are set as R1 = 2R2 = 3 mm, N1 = 2, N2 = 1, unless it is specified in the 
figure captions. Firstly, we discuss the intensity behavior of the EM TGSMA beam. 
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Figure 2 illustrates the evolution of the spectral intensity of the EM TGSMA beam in 
the near field propagating through anisotropic atmosphere turbulence. Owing to the 
fact that the effect of turbulent medium on the array beams is relatively weaker, the 
behavior of the array beams depends on the initial Gaussian initial parameters. The initial 
Gaussian ellipse spots progressively split into an array and all lobes rotate around its 
center in a synchronous motion, and the rotating direction lies on twisted strengths of 
the array beams. With the increase of propagation distance, the intensity profiles trans-
form from a horizontal ellipse to a vertical ellipse. Figure 3 shows the evolution of the 
spectral intensity of the EM TGSMA beam in the far field propagating through aniso-
tropic atmosphere turbulence. It can be found that with the increase of propagation dis-
tance, the accumulative effect of anisotropic turbulence on the array beams becomes 
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Fig. 2. The normalized intensity of the EM TGSMA beam in the near field propagating through aniso-
tropic atmosphere turbulence for different values of twisted strengths. Beam parameters are chosen: 
σ1xx = σ1yy = 1 mm, σ2xx = σ2yy = 0.3 mm, δ1xx = δ1yy = 0.5 mm, and δ2xx = δ2yy = 0.4 mm, atmosphere tur-

2bulent parameters are chosen as Cn  = 10–14 m–2/3, µx = 2, and µy = 5. 
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Fig. 3. The normalized intensity of the EM TGSMA beam in the far field propagating through anisotropic 
atmosphere turbulence for different values of twisted strengths. Beam parameters are same as those in 
Fig. 2. 

gradually obvious, and mergence of the array beams occurs. The intensity of the two 
side-lobes increases while the intensity of the center-lobes decays rapidly, meanwhile 
the side-lobes not only revolve counter-clockwise by a certain angle but also move their 
positions as the propagation distance changes, and this means that the anisotropy of 
atmospheric turbulence plays a dominant role in determining the intensity and location 
of the side-lobes when the beam travels a sufficiently long distance. This novel results 
of the array beams in anisotropic atmospheric turbulence may provide a further insight 
into the EM  TGSMA  beam.  In Fig.  4,  we analyze  numerically  the  evolution of the 
EM TGSMA beam in different conditions of the turbulence and twisted strengths. 
Figure 4(a) shows that a variety of rotation angle of the array beams versus propagation 
distance for different values of twisted strengths. It can be found from Fig. 4(a) that 
the rotation angle of the array beams monotonically raises from 0° to 90° and the ro-
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Fig. 4. Evolution of the EM TGSMA beam in conditions of different turbulence and twisted strength. Beam 
parameters are same as those in Fig. 2, except for twisted strengths ux = uy = 1 mm–1; (c) Cn 

2  = 10–14 m–2/3, 
and (d) µx = 2, µy = 5. 

tating behavior of the array beams relies on the choice of the twisted strengths on prop-
agation. The larger value of twist strengths leads to more obvious rotation of the 
EM TGSMA beam. When the sign of twisted strength ux along x-direction is contrary 
to that of twisted strength uy along y-direction, the rotation angle increases sharply from 
0° to 90°. It means in this case that the intensity profiles change straightly from a hori-
zontal ellipse to a vertical ellipse. Figure 4(b) presents the trajectories of the side lobes 
in the transverse plane when the propagation distance increases from 15 to 30 m at dif-
ferent values of twisted strengths. One can find that the two side-lobes move in the 
opposite direction from the initial position along the parabolas-like curves when prop-
agation distance increases. The larger the anisotropic factors µx and µy , the faster the 
two side-lobes move along the y-direction. Figure 4(c) describes the change of center 
-lobe of the array beams along the x-direction at different values of anisotropic fac-
tors, and Fig. 4(d) illustrates the change of center-lobe of the array beams along the 
x-direction in different turbulent structure parameters. When the anisotropic factors µx

2and µy (as shown in Fig. 4(c)) or the turbulent structure constant Cn (as shown in 
Fig. 4(d)) become larger, it can be seen from these figures that the spatial power spec-
trum intensity of atmospheric turbulence increases, resulting in a decrease of the cen-
tral lobe, which also implies an increase of the two side-lobes. 
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Fig.  5.  Variation  of modulus of  the  DOC  for  the  EM TGSMA beam at  several propagation distances 
through anisotropic atmosphere turbulence for different values of twisted strengths with parameters as in 
Fig. 2. 

Secondly, we turn our attention to the DOC of the EM TGSMA beam. Figure 5 
presents variation of the modulus of the array beams with the same source parameters 
as in Fig. 2 through anisotropic atmosphere turbulence at different values of twisted 
strengths. One can find that the DOC of the beams array also rotates around its center 
upon propagation and a Gaussian profile degenerates gradually from initial lattice-like 
profile. The variation of rotation angle depends on twisted strengths ux and uy, which 
behaves similar to Fig. 2, except in the opposite direction rotation. Figure 6 shows var-
iation of the DOC of the EM TGSMA beam in different anisotropic turbulent condi-
tions. One can see that anisotropic turbulent parameters play an important role in 
behavior of DOC of the array beams. When the anisotropic factors µx and µy (as shown 
in Fig. 6(a)) or the turbulent structure constant Cn 

2 (as shown in Fig. 6(b)) increase, it 
can all cause more obvious broadening of DOC of the array beams. 

Finally, we discuss the polarization properties of the EM TGSMA beam. In Fig. 7, 
we show evolution of the DOP of the array beams in different anisotropic turbulent 
conditions. It can be found that in the near field, the DOP of the array beams transforms 
from a certain cross-like shape into two symmetrical shapes arranged side by side with 
certain rotation, and rotational behavior of DOP varies with twisted strengths. When 
propagation distance of the array beams exceeds 15 m, the influence of anisotropic tur-
bulence on DOP becomes increasingly obvious and symmetry of DOP is destroyed, 
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Fig. 6. Variation of DOC of the EM TGSMA beam in different anisotropic turbulent conditions, beams pa-
rameters are same as those in Fig. 2 except for twisted strength ux = uy = 1 mm–1. (a) µx = 2, µy = 5, and 

2 –2/3 (b) Cn  = 10–14 m . 
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Fig. 7. Variation of DOP of the EM TGSMA beams through anisotropic atmosphere turbulence at dif-
ferent values of twisted strengths beam parameters are chosen: σ1xx = 0.5 mm, σ1yy = 0.4 mm, σ2xx  = 
= 0.4 mm, σ2yy = 0.5 mm, δ1xx = δ1yy = 0.5 mm, δ2xx = δ2yy = 0.4 mm, atmosphere turbulent parameters 

2 –2/3 are set: Cn  = 10–14 m , µx = 2, and µy = 5. 
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Fig. 8. Variation of polarization properties of the EM TGSMA beam through anisotropic atmosphere tur-
bulence. Beam parameters are same as that in Fig. 7, except for twisted strengths ux = uy = 1. (a, b) Var-
iation of DOP with the coordinates x at propagation distance z = 25 m. (c, d) The on-axis behaviors of 

2DOP along propagation distance z. (a, c) Cn = 10–14 m–2/3, and (b, d), µx = 2, µy = 5. 

the value of DOP is closed to 1 in a large scale. Figure 8 shows the behavior of the DOP 
along the x-direction at a certain propagation distance and on-axis behavior of DOP 
along propagation distance z in anisotropic atmosphere turbulence, respectively. From 
Fig. 8(a)–(d), it can be seen that both the anisotropic factor and the turbulent structure 
constant increase, which has a significant effect on the DOP of the EM TGSMA beam. 
After a more district fluctuation, distribution of the DOP gradually approaches a certain 
value. Therefore, we can reach such conclusion that despite the anisotropic atmosphere 
turbulence has an important effect on the DOP of an EM TGSMA beam, with proper 
choices of source parameters and propagation distance, one can control, to some extent, 
the change in polarization properties of an EM TGSMA beam. 

5. Conclusion 

In this work, we have obtained an analytical expression for the cross-spectral density 
function of an EM TGSMA beams in anisotropic atmospheric turbulence based on the 
extended Huygens–Fresnel integral and investigated numerically the propagation 
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properties of an EM TGSMA beam in detail. Particularly, we investigated the effects 
of twisted strengths and anisotropic atmospheric turbulence on the spectral density, 
DOP and DOC. The results indicate that the initial parameters of the array beams and 
anisotropic atmosphere turbulence play an important role on propagation properties 
of an EM TGSMA beam. For spectral intensity, the array beams go through rotation 
caused by twisted strength and mergence by anisotropic atmospheric turbulence. And 
for DOC of the array beams, the twisted strength always causes DOC of the array beams 
to rotate in an opposite direction compared with that of spectral density, and anisotropic 
atmospheric turbulence is responsible for the broadening of the DOC. Furthermore, 
apart from rotation, the distribution of DOP on the on-axis and transverse plane would 
tend to a certain value on propagation. The larger the value of the anisotropic factor 
and turbulent structure constant, the greater the final stable value of the DOP. Our re-
sults might be used for operation of communication, imaging, and sensing system. 
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