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Using the extended Huygens–Fresnel principle and Rayleigh scattering theory, optical trapping of
the low index of refraction particles using a focused Gaussian Schell-model (GSM) non-vortex
beam, a focused GSM vortex beam, and two face-to-face focused GSM vortex beams have been
studied. The results demonstrate that the focused GSM non-vortex beam cannot capture the low
index of refraction particles, however, the focused GSM vortex beam can be a two-dimensional
trap of particles in the z-axis, and the transverse gradient force Fgrad, x and the trapping equilibrium
region increase as the topological charge m increases. As the focal length f or the refractive index
of particles np decreases, the radiation forces increase and the trapping ability also enhances. To
trap the low index particles in three-dimensional space, we adopt that the two face-to-face focused
GSM vortex beams can be used to construct an optical potential well. The transverse gradient force
of two face-to-face focused GSM vortex beams is twice that of a single GSM vortex beam. The limit
of the radius for the low index of refraction particles that were stably captured has also been de-
termined. The obtained results provide valuable information for trapping and manipulating the low
index of refraction particles using GSM vortex beams, which may be applied in micromanipulation,
biotechnology, nanotechnology and so on.
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1. Introduction

Since ASHKIN’s first observation of acceleration and trapping of particles by radiation
forces from continuous-wave visible lasers in 1970 [1], optical trapping and manip-
ulation have developed into an important tool for the investigation of the neutral at-
oms [2–4], nanoparticles [5], biological cells [6–8], DNA molecules [9, 10], aerosols [11]
and other micro-sized dielectric particles [12, 13]. It is well known that light has mo-
mentum and energy, and light radiation force is produced by the exchange of energy
and momentum between photons and particles. Optical traps have unique advantages
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since they operate in a non-contact mode and are non-invasive [14–16]. Previously,
most optical traps and manipulation have used a focused fundamental Gaussian beam.
However, theoretical and experimental studies have demonstrated that the performance
of optical traps can be substantially improved and new optical micromanipulation tech-
niques can be realized by exploiting the properties of special classes of laser beams.
GAHAGAN and SWARTZLANDER reported the first observation of the simultaneous con-
finement of both a low-index particle and a high-index particle within a single-beam
optical trap by using a strongly focused laser beam containing an optical vortex. They
described the trap stability and explored changes in the trapping efficiency owing to
the vortex core size, the relative refractive index, and the numerical aperture of the
focusing objective from experiment to theory [17, 18]. The Bessel beam which has the
ability of self-reconstruction has been developed to manipulate particles in multiple axial
sites [19]. Recently, FAN et al. numerically investigated the trapping effect of tightly
focused radially polarized power-exponent-phase vortex beam at the focal plane [20].
We have analyzed the radiation force of focused partially coherent circular edge dis-
location beams and focused partially coherent modified Bessel–Gaussian (MBG)
beams exerted on two types of particles, and it has been shown that these particles can
be simultaneously stably trapped at different positions [21, 22]. In addition, the radi-
ation force of the hollow Gaussian beams [23, 24], Airy beams [25], radially polarized
beams [26, 27], and other beams [28] on the microparticles have also been explored.
Therefore, optical traps using special laser beams will continue to play an increasingly
important role in scientific research in the future. It has been demonstrated that laser
beams with Gaussian-like intensity profiles should be used to trap the high index of
refraction particles (particles with refractive index np greater than that of the ambient
value nm, namely, particles with relative refractive index nr = np /nm > 1), while laser
beams with a hollow like intensity profile are applicable for trapping the low index of
refraction particles (relative refractive index nr < 1).

Vortex beams have spiraling wavefronts and orbital angular momentum, which are
widely used in applications such as micron-sized particle manipulation, photon count-
ing, optical data storage, optical communications, etc. [29–33]. Significant interest in
the propagation characteristics of vortex beams through free space, atmospheric tur-
bulence and biological tissues has been generated in part from the demonstrated theo-
retical and practical applications of the technique [34–38]. VYAS and SENTHILKUMARAN

have proposed the creation of the optical vortex of vortex beams using the modified
Michelson interferometer and the modified Mach–Zehnder interferometer [39, 40].
ROUX has described a method for computing the trajectories of optical vortices, and
analytically computed the positions of the vortices as a function of the propagation dis-
tance [41, 42]. DIPANKAR et al. have investigated the trajectory of optical vortices in
atmospheric turbulence using numerical simulations [43]. We have studied the evolu-
tion of coherent vortices and propagation properties of vortex beams through atmospher-
ic turbulence, and found that the beams quality of the vortex beams are less influenced
by atmospheric turbulence than those of non-vortex beams [44–46]. In our recent paper
we have analyzed the classification of coherent vortices creation and the distance of
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topological charge conservation, which showed that the coherent vortices are grouped
into three classes according to the creation [47, 48]. Gaussian Schell-model (GSM)
vortex beams are a typical example of singularity beams, so we think that this class of
beams will prove to be significant in the study of the trapping effect of light.

This paper is devoted to the study of the radiation force on the low index of refrac-
tion particles produced by focused GSM non-vortex beams, focused GSM vortex beams,
and two face-to-face focused GSM vortex beams in a Rayleigh scattering regime. In
Section 2, the analytical expression for the intensity of GSM vortex beams in an optical
system is derived. The radiation forces on the low index of refraction particles pro-
duced by focused GSM (non-vortex) beams are analyzed in Section 3. The dependence
of radiation forces on the topological charge m, focal length f, the refractive index of
particles np and particle radius a are analyzed and illustrated for focused GSM vortex
beams using numerical examples in Section 4. The scheme and radiation forces of the
two face-to-face focused GSM vortex beams used to construct an optical potential well
is introduced in Section 5. Finally, Section 6 is a summary of the concluding remarks.

2. Theoretical model

The initial field distribution of a Laguerre–Gaussian (LG) beam at the input plane z = 0
can be expressed as follows [32, 49, 50]:

(1)

where s = (r, θ ), r and θ are the radial and azimuthal coordinates, respectively; E0 is
a positive constant, w0 is the waist width, and m and n are the mode orders of the
Laguerre polynomial  For m = 0 and n = 0, Eq. (1) reduces to the initial field of
a fundamental Gaussian beam and for m ≠ 0 and n = 0, Eq. (1) degenerates to the initial
field distribution of a vortex beam [21].

Using the relations between the Laguerre polynomial and Hermite polynomial [51],
we have:

(2)

with Ht is the Hermite polynomial of order t,  represent binomial coefficients.
The initial field distribution of vortex beams can be expressed in the following alter-
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Introducing the Schell model correlator [52], the cross-spectral density function of
GSM vortex beams at the input plane z = 0 is expressed as

(4)

where σ0 is the spatial correlation length,  is related to the input power P and the
waist width w0 by  

According to the extended Huygens–Fresnel principle [53], under the paraxial ap-
proximation, the cross-spectral density function of GSM vortex beams in the ABCD op-
tical system can be expressed as:

(5)

where ρ1 = ( ρ1x, ρ1y ) and ρ2 = ( ρ2x, ρ2y ) denote the position vector at the z plane, k is
the wave number related to the wavelength λ0 of the input laser by k = 2π/λ0, A, B, and
D are the transfer matrix elements of the optical system.

Substituting from Eq. (4) into Eq. (5), we can obtain the cross-spectral density func-
tion of the GSM vortex beams through an ABCD optical system by the integral oper-
ation as follows:

(6)

where the expressions of Q1 and Q2 have been presented in Appendix.
Using the relation between the intensity and the cross-spectral density at any point

of the output plane I (ρ, z) = W (ρ, ρ, z), letting ρ1x = ρ2x = ρx, ρ1y = ρ2y = ρy in Eq. (6),
the intensity of the GSM vortex beams at the z plane is written as:
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For m = 0, Eq. (7) degenerates to the intensity of the GSM (non-vortex) beam
through an ABCD optical system.

Now consider the GSM vortex beam passing the thin lens. The transfer matrix for
this optical system is given by

(8)

where z = z1 + f  is the axial distance from the input plane to the output plane, f  is the
focal length, z1 is the axial distance from the focal plane to the output plane, whose
value is negative (or positive) when the particle is located on the left (or right) side of
the focal plane. 

Now we will consider the radiation forces of a focused GSM vortex beam on
a Rayleigh dielectric sphere, with a radius a that is sufficiently smaller than the wave-
length of light λ, i.e., a << λ. In this case, the particle could be treated as a point dipole,
and the Rayleigh scattering regime can be used to calculate the radiation forces on the
particle irradiated by the focused beam. There are two kinds of radiation forces: scat-
tering force and gradient force. According to the Rayleigh scattering theory, the scatter-
ing force and gradient force are expressed as follows [15]:

(9)

(10)

where ez is a unity vector along the beam propagation direction, a is the radius of the
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Fgrad, z along the z-direction.
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direction of the transverse gradient force is along the +x (or –x) direction; for the
positive (or negative) Fgrad, z, this means that the axial gradient force is along the +z
(or –z) direction. From Fig. 1a, we see that the transverse gradient force of the focused
GSM beam is negative (or positive) for ρx < 0 (or ρx > 0), thus it pushes the low index
of the refraction particle off the point of ρx = 0. From Figs. 1b–1d, it is found that the
axial gradient force Fgrad, z is negative (or positive) for z1 < 0 (or z1 > 0), the scattering
force Fscat points along the +z-axis, and Fgrad, z + Fscat can push the low index of the
refraction particle off the focus. Therefore, a focused GSM beam cannot trap the low
index of refraction particles. 

4. Radiation forces due to focused GSM vortex beams 
on the low index of refraction particles

Figure 2 depicts the radiation forces exerted on the low index of refraction particles
for different values of the topological charge m, the calculation parameters are the same
as Fig. 1. From Fig. 2a, it can be determined that the direction of the transverse gradient
force Fgrad, x is towards the focus F (ρx = 0) for the low index of refraction particles in
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the region –2.8 μm < ρx < 2.8 μm (or –1.9 μm < ρx < 1.9 μm) for m = 4 (or m = 2).
Thus, the particle is guided to move towards the focus F at the focal plane, i.e., the
particle is eventually captured in the focal region (two dimensional). As the topological
charge m increases, the transverse gradient force Fgrad, x will increase, and the trapping
equilibrium region will increase. From Figs. 2b–2d, it is evident that the axial gradient
force Fgrad, z is negative (or positive) for z1 < 0 (or z1 > 0), the scattering force Fscat is
zero at the focus ρx = 0, and the axial radiation force Fgrad, z + Fscat can push the low
index of refraction particle off the focus. Thus, the use of only a single beam does not
allow for the stable trapping of the particle in three dimensions. Therefore, the focused
GSM vortex beam only captures low index of refraction particles along the z-axis
(ρx = ρy = 0), and the larger the value of the topological charge m, the more easily the
particle is stably trapped. 

The change of the radiation force of focused GSM vortex beams acting on the low
index of refraction particles for different values of the focal length f  is represented
in Fig. 3 for m = 2. The other calculation parameters are the same as in Fig. 1. From
Fig. 3 it is determined that as the focal length f  is increased, the transverse gradient
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force Fgrad, x decreases, the transverse trapping range increases, the axial radiation
force Fgrad, z + Fscat decreases, and the trapping stability also decreases.

Figure 4 gives the change of the radiation force of focused GSM vortex beams act-
ing on the low index of refraction particles for different values of the refractive index
of particles np for m = 2. The other calculation parameters are the same as in Fig. 1. It
can be seen that the smaller the refractive index of particles np is, the greater the differ-
ence between the refractive indices of the ambient and particle (nm – np) is, i.e., the small-
er the relative refractive index nr is, the greater the transverse gradient force Fgrad, x is,
and the greater the axial radiation force Fgrad, z + Fscat is.

In order to stably trap particles by exploiting the Rayleigh approximation, the fol-
lowing conditions should be satisfied: 1) the axial gradient force must be significantly
larger than the scattering force at the position of the maximum axial gradient force,
i.e., R = |Fgrad, z | / |Fscat | ≥ 1, where R is called the stability criterion. 2) The total force
of the particles must overcome the Brownian force FB = (12πηakBT )1/2 [54], where
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η is the viscosity of the ambient medium and η = 7.977 × 10–4 Paꞏs for water at a tem-
perature T = 300 K, kB denotes the Boltzmann constant, and a is the radius of the particle.
3) The gradient force must overcome the weight of the particle [55]. The magnitude
of all the forces versus the radii of the low index of refraction particles is represented in
Fig. 5, including the maximum transverse gradient force Fgrad, x , the maximum axial
gradient force Fgrad, z, the maximum scattering force Fscat, the Brownian force FB and
the gravity Fgravity, m = 2. The other calculation parameters are the same as in Fig. 1.
From Fig. 5, it is determined that as the radius of the particle is increased, the value
of Fgrad, x, Fgrad, z, Fscat, FB and Fgravity also increase, and the increment of the scattering
force is the largest of all these values. When a > 20.2 nm, the scattering force is larger
than the axial gradient force. Therefore, the low index of refraction particles with a ra-
dius in the range of 0.5 nm < a < 20.2 nm can be stably trapped at the focus, i.e., con-
dition (1) is satisfied for 0.5 nm < a < 20.2 nm. The gradient force can completely
overcome the influence of the Brownian force when a > 0.5 nm, so condition (2) is
also satisfied for a > 0.5 nm. In this case, the weight of the Rayleigh particle is so small
that it can be ignored, so condition (3) is satisfied. Therefore, the focused GSM vortex
beam can indeed be used to trap the low index of refraction particles.

5. Trapping the low index of refraction particles 
using two face-to-face focused GSM vortex beams 

The aforementioned studies have shown that a single focused GSM vortex beam can
capture the low index of refraction particles at the focal plane in only two dimensions,
and cannot stably trap particles in three dimensions. To address this problem, we in-
troduce a method for constructing an optical potential well as shown in Fig. 6 by using
two face-to-face focused GSM vortex beams. Figure 6 represents the scheme of the two
face-to-face focused GSM vortex beams. Two lenses characterized by the same focal
length have been placed with their focal planes coinciding. Using the method shown
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in Fig. 6, the axial radiation forces along the z-direction will offset each other at the
focal plane. In this case, R = 1. To check for stability, we can interrupt one GSM vortex
beam temporarily, which causes the low index of refraction particles to be accelerated
rapidly by the remaining beam along its propagation direction when the other beam is
turned on once again, the particle slowly decelerates and returns to its equilibrium region. 

Input plane 1 Focal plane Input plane 2

f f

Fig. 6. Scheme of two face-to-face focused GSM vortex beams.
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Figure 7 depicts the radiation forces exerted on the low index of refraction particles
of two face-to-face focused GSM vortex beams, at the calculation parameters the same
as used in Fig. 2. Comparing Fig. 7 with Fig. 2, it can be seen that the scattering force
and the axial gradient force on the low index of refraction particles of two face-to-face
focused GSM vortex beams with the focal plane coinciding will offset each other, the
transverse gradient force of two face-to-face focused GSM vortex beams is two times
higher than that of a single GSM vortex beam. To sum up, it is indicated that the three
-dimensional capture stability can be achieved using two face-to-face focused GSM
vortex beams.

6. Conclusion

In this paper, optical trapping of the low index of refraction particles using a focused
GSM non-vortex beam, GSM vortex beam, and two face-to-face focused GSM vortex
beams was investigated based on the extended Huygens–Fresnel principle and Rayleigh
scattering theory. The difference between GSM (non-vortex) beams and GSM vortex
beams for trapping the low index of refraction particles has been compared. The de-
pendence of the radiation forces on the topological charge m, focal length f, the refrac-
tive index of particles np and particle radius a were analyzed and illustrated using
numerical examples for focused GSM vortex beams. It has been shown that the focused
GSM non-vortex beam cannot capture the low index of refraction particles. The focused
GSM vortex beam can trap the low index of refraction particles along the z-axis. In this
case, as the topological charge m increases, the transverse gradient force Fgrad, x and
the trapping equilibrium region increase. With an increase of the focal length f, the
transverse gradient force Fgrad, x decreased and the transverse trapping range increases.
The radiation force Fgrad, x increases with decreasing the refractive index of particles np.
In order to trap the low index of refraction particles in three-dimensional space, we adopt-
ed the construction of an optical potential well using two face-to-face focused GSM vor-
tex beams. The transverse gradient force of two face-to-face focused GSM vortex beams
is twice that of a single GSM vortex beam. In addition, the range of acceptable radii
for the stable capture of the low index of refraction particles was determined. In com-
parison with the previous work, the focused partially coherent circular edge dislocations
beam can be used to trap the high index of refraction particles at the focus F, and simul-
taneously to capture the low index of refraction particles at a dark ring [21], whereas the
focused GSM vortex beam can trap the low index of refraction particles to the z-axis,
thus, the trapping range of the same kind of particles is different obviously for different
beams. The results obtained in this paper provide valuable information for trapping
and manipulating Rayleigh particles using GSM vortex beams, which may be applied
in biotechnology, nanotechnology and other fields.
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